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Abstract

To dealwith exponentialgrowth in thesizeof agamewith the
numberof agentswe proposean approximatiorbasedon a
hierarcly of reducedyames.Thereducedjameachievessav-
ings by restrictingthe numberof agentglayingary stratgy
to x ed multiples. We validatethe ideathroughexperiments
on randomlygeneratedocal-efect games.An extendedap-
plicationto strat@ic reasoningabouta complec tradingsce-
nario motivatesthe approachanddemonstratemethodsfor
game-theoreticeasoningover incompletely-speci edzames
atmultiple levelsof granularity

Moti vation

Considerthe task of selectingamonga large setof strate-
giesto play in an8-playergame.Throughcarefuljudgment
you manageo narrov down the candidateso a reasonable
numberof stratgjies(say35). Becausdéhe performancef a
stratgyy for oneagentdepend®n the stratgyiesof the other
saven, you wish to undertale a game-theoreti@analysisof
the situation. Determiningthe payof for a particularstrat-
egy pro le is expensve, however, asyour obsenations of
prior gameinstancesre quite limited, andthe only opefa-
tional descriptionof the gameis in the form of a simulator
thattakesa non-ngjligible time (say10 minutes)to produce
oneoutcome Moreover, sincetheernvironmentis stochastic,
numerousamplegsayl2)arerequiredo produceareliable
estimatefor evenonepro le. At two hoursperpro le, ex-
haustvely exploring pro le spacewill require2 35° or 4.5
trillion hourssimply to estimatethe payof functionrepre-
sentingthe gameunderanalysis.|If the gameis symmetric,
you can exploit that fact to reducethe numberof distinct
prolesto ** , whichwill require236million hours. That
is quite a bit less,but still muchmoretime thanyou have.

Thisis thesituationwe faceasentrantsn theannualTrad-
ing AgentCompetition(TAC) travel-shoppingnarket game
(Wellmanetal. 2003). Thenecessityf empiricalevaluation
in this settingcombinedwith the infeasibility of exhaustve
analysispromptsusto seekprincipledwaysto directa non-
exhaustve exploration. In this paperwe investicatethe ex-
ploitationof hierarchicaktructuren the spaceof pro les to
balancehegoalsof spanningheoverall spaceandfocusing
effort onthe mostpromisingregions.
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Theideais thatalthougha strategyy's payof doesdepend
ontheplay of otheragentqotherwisewe arenotin agame
situationat all), it may be relatively insensitve to the ex-
act numbersof other agentsplaying particular stratgies.
For example, let (s;m;s% denotea pro le wherem other
agentsplay stratgy s, andtherestplay s® In mary natural
gamesthepayof for playingary particularstratgy against
this pro le will vary smoothlywith m. If suchis the case,
wesacri cerelatively little delity by restrictingattentionto
subsetf pro les, for instancethosewith only even num-
bersof ary particularstratgy. To do so essentiallytrans-
formsthe N -playergameto an N=2-playergameover the
samestratgy set, wherethe payofs to a pro le in there-
ducedgamearesimply thosefrom the original gamewhere
eachstratgy in thereducedoro le is playedtwice.

The potentialsavings from reducedgamesare consider
able, asthey containcombinatoriallyfewer pro les. The
4-playerapproximationto the TAC game (with 35 strate-
gies)comprises/3,815distinctpro les, comparedvith 118
million for the original 8-playergame. In caseexhaustve
considerationof the 4-playergameis still infeasible, we
canapproximatdurther by a correspondin@-playergame,
which hasonly 630 pro les. Approximatingby a 1-player
gameis tantamounto ignoringstrateyic effects,considering
only the35“pro les” wherethestratgiesareplayedagainst
themseles. In generalan N -playersymmetricgamewith

S stratgiesincludes N3 ! distinct pro les. Figure 1
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Figure1: Numberof distinct pro les (log scale)of a sym-
metricgame,for variousnumbersf playersandstrateies.



shavs theexponentialgrowth in bothN andS.

The main contrikution of this paperis to introducethe
conceptof approximatiorthroughhierarchicalgamereduc-
tion. We begin by providing a more precisede nition of
reducedgames.Next we presenevidencesupportingheap-
proximationof gamedy reducedrersionspasedntheoret-
ical andexperimentaktudiesof threegameclassesTherest
of the paperfocuseson our applicationto the TAC travel-
shoppingdomain,demonstratinghe useof game-theoretic
reasoningabout possibleequilibria basedon only incom-
pleteevaluationof the underlyingpayof function.

Hierar chy of ReducedGames

We develop our hierarchical reduction conceptsin the
framavork of symmetrimormal-formgames

De nition 1 = hN;fS;g;fu;()gi isanN -playernormal-
form game with stratgy setS; the available strategiesfor

De nition 2 A normal-form game is symmetric if the
players have identical strategy spaces(S; = S) and
ui(si;s i) = uj(sj;s j),fors; = sjands ; = s ; forall
i;j 2 f1;:::;Ng. Thuswecandenotea symmetricgame
by hN; S; u()i, with u(t; s) the payof to any player playing
strategy t whentheremainingplayeis play pro le s.

Our centralconcepts thatof areducedgame.

De nition 3 Let = hN;S;u()i bean N -player symmet-
ric game with N = pqfor integers p andq. Thep-player
reducedversionof , written #,, is givenby hp;S; 0()1i,

whele

In other words, the payof functionin the reducedgameis
obtainedby playing the speci ed pro le in the original q
times.

Theideaof areducedjameis to coarserthepro le space
by restrictingthe degreesof stratejic freedom.Althoughthe
original setof strategjies remainsavailable, the numberof
agentsplaying ary stratgy mustbe a multiple of g. Every
pro le in thereducedgameis onein the original game,of
courseandary pro le in the original gamecanbereached
fromapro le containedn thereducedgameby changingat
mostp(q 1) agentstrateies.

To searchapro le spacehierarchicallywe applyaseries
of gamereductions.The gameresultingfrom sucha series
is independenof thereductionordering.Letq = r rC Then

(( #Hp o= ((#Hpro)p= #:

Example 1 (FPSBn) In the n-player r st-price sealed-bid
auction, playeri hasa private valuev;, decidesto bid b,

Although the methodsmay generalizeto somedegreeto par
tially symmetricgames,or to exploit extensie forms, we do not
pursuesuchextensionshere.

andobtainspayof v; L if its bid is highest(and zeio oth-
erwise). We de ne FPSBh as a specialcasewhee v;
UJ[0; 1], andagentsarerestrictedto parametrizedstrategies,
biddingk;v; for ki 2 [0;1].

Letn = pg. In thereducedyameFPSBn#,, eachagent

tion proceedsasnormal,andagenti's payof is de ned as
the average payof associatedvith its g bids. Note thatthe
gameFPSBN#, is quiteadifferentgamefrom eitherFPSB
or FPSB. Whenrepresentedxplicitly overadiscretesetof
actions,FPSBn#, is the samesizeasFPSH, andbothare
exponentiallysmallerthanFPSBh.

Reduced-GameApproximations

Our premiseis thatthe reducedgamewill oftensene asa
goodapproximatiorof the full gameit abstractsWe know
thatin theworstcaseit doesnot. In generalanequilibrium
of thereducedgamemaybearbitrarily far from equilibrium
with respecto thefull game,andan equilibriumof thefull
gamemay not have ary nearneighborsn thereducedgame
thatare closeto equilibriumthere? The question then,is
whetherusefulhierarchicalstructureis presenin “typical”
or “natural” games however we mightidentify sucha class
of gamesof interest. Although we have no generalcharac-
terizationof the classof gamesfor which theapproximation
works well, we provide positive evidencefor threespeci ¢
classe®f symmetricgamesin the sectionselow.

FPSBEn

The n-player FPSBauctionhasa unique symmetricNash
equilibrium,atk = ”n—l (Krishna2002). For example,the
equilibriumfor FPSB2s 1=2, andfor FPSBA4it is 3=4. From
thefollowing theoremgiving the equilibriumof FPSBn#,
we have 2=3 in equilibriumfor FPSB4#,.

Theorem1 The unigue symmetric Nash equilibrium of
FPSBN#, is

nip 1)
p+n(p 1)

(Proofsof this andsubsequertheoremsareomitted.)

The difference between equilibrium stratgies of
FPSB4#, andFPSB4is onemeasuref their distance.An
alternatve measureof approximationquality is to evaluate
solutionsof thereducedgamein the context of the original.
Speci cally, we ask: If the agentsplay a reduced-gme
equilibrium in the original game, how much can a single
agentgain from deviating from sucha prole? If the
answelis zero,thentheequilibriacoincide.More generally
the smallerthe gain from deviating, the more faithful the
reducedameapproximation.

2FPSBn# is anexample(albeitadegenerat@ne)of areduced
gamehaving very differentequilibriathanthe full game. The op-
timal strat@y in the 1-playerreductionis to bid zero (asit is in
FPSB1)whereasin the n-playergame,for n > 1, equilibrium
playersbid alargefraction (atleast1=2) of theirtypes.



Let us denoteby (s) the potential gain to deviating
from stratgy prole s in game For symmetricgame
= N;S;u(i,
— (0} o).
(s) = maxu(s’;s) u(s;s): 1)
Thisusagedollows the standardhotion of approximateequi-
librium. Prole sisan (s)-Nashequilibriumof , with

0-Nashcorrespondindo exactequilibrium. Henceforthwe
dropthegamesubscriptvhenunderstoodn contet.
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Figure 2: Epsilonsfor symmetricpro les of FPSB2(left
dashedcune), FPSB4#, (dots),and FPSB4(right dashed
cune). Uniquesymmetricequilibria (1=2; 2=3; 3=4) arein-
dicatedby arravs onthe x-axis.

Figure 2 plots (k) for the three game variations. We
derived a closed-formexpressionfor rpsg n, Whereasthe
curve for gpsgs 4, Wasestimatednumerically (thoughwe
know its exactroot by Theoreml). Our estimationproce-
dureconsideredll pro les over discretevaluesof k, atin-
tenals of 1=40. At this granularity FPSB4comprisesl58
timesas mary pro les asdoesFPSB4#,. Basedon our
analysis,FPSB4#, comparegqjuite favorably to FPSB2as
an approximationof FPSB4. In particular taking their re-
spectve equilibriumvalues, psp 4(2=3) is nearlytentimes
smallerthan gpsg 4(1=2).

We can generalizethis conclusionto arbitraryn andp.
Lets () denotethe uniquesymmetricequilibriumfor ,
whichis well-de ned for our FPSBgamesof interest.

Theorem2 Foralln > p> 1,
rpse n(S (FPSBN#,)) < rpsen(s (FPSBp)):
We canalsocon rm thatfor any numberof players,less
drasticFPSBreductiongrovide betterapproximations.
Theorem3 Foralln>p>q 1,

rrsen (S (FPSBN#)) < rpsen(s (FPSBN#)):

Bertrand Oligopoly

Theprecedinganalysids reassuringbut of coursewe donot
actuallyneedto approximatd-PSBh, sinceits generakolu-
tion is known. To further evaluatethe quality of reduced-
game approximationswe turn to other natural gamesof
potentialinterest. Facilitating such studieswas precisely

the motivation of the authorsof GAMUT (Nudelmanet al.
2004),a e xible softwaretool for generatingandomgames
from a wide variety of well-de ned game classes. Using
GAMUT, we canobtainrandominstance®f someclass,and
examinethe relation of the original gamesto versionsre-
ducedto varying degrees. The advantageof a generator
suchas GAMUT is that we canobtaina full gamespeci -
cationquickly (unlike for TAC), of speci ed sizebasedon
our computationatapacityfor analysis.Moreover, we can
samplemary instanceswithin a class,anddevelop a statis-
tical pro le of the propertiesof interest.

The rst classof gameswe examinedusing GAMUT is
a discretesymmetricversionof Bertrand Oligopoly (BO),
which models price competition among a set of identi-
cal producerqMas-Colell, Whinston,& Green1995, Sec-
tion 12.C).In theBertrandmodel,eachrm declaresprice,
andtotal demancdat thelowestpriceis dividedamongthose
rms offeringthatprice. Thepayofs aregivenby netpro t,
whichis zerofor rms pricedabore theminimum. To gener
ateaBO gamein GAMUT, we specifythenumbersf agents
anddiscreteprice levels (i.e., the actions),and parameters
for thedemandandcostfunctions.By specifyingrangedor
somefunctionparametersye de ne aclassof suchgames.

We generatedhreerandom3-playerBO gameswith 3,4,
and5 actions respectrely. We measuredgo for eachpure
pro le in theoriginalandreducedyames.Figure3 presents
the correlationcoefcients, for eachBO gameinstance of
the go for pro les sharedy eachpairof gameversions As
we see,the correlationis quite strongbetweenthe original
and reducedgames,with relative valuesdependingon the
degreeof reduction.
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Figure3: Correlationamong go Vvaluesfor pro les in BO
(BO#g) andreducedrersionsfor 3-, 4- and5-actionrandom
BO instances.(q; r) marksthe columncomparingBO #
with BO#,. The4-actionBO#s andBO#, shavedno vari-
ationin o for pro les sharedwvith BO#;.

Local-Effect Games

We performeda morethoroughexperimentaktudyof apar
ticular classknown aslocal-efect games(LEGS) (Leyton-
Brown & Tennenholt2003),alocalizedversionof conges-
tion gamesmotivatedby problemsin Al andcomputemet-
works. Speci cally, we considersymmetricbi-directional
local-efectgamesrandomlygeneratedby GAMUT by creat-
ing randomgraphstructuresandrandompolynomialpayof
functionsdecreasingn the numberof action-nodeghosen.
In a preliminary experiment,we generatedl5 symmet-
ric LEG instanceswith six playersandtwo stratgies,and



payofs normalizedon [0; 1]. For eachof thesewe gener
atedthe correspondin@-playerreduction. We thenfed all
30 of theseinstanceso camBIT (McKelvey, McLennan,&
Turogy 1992),ageneralgame-solvingpackagewhich com-
putedthe completeset of Nashequilibria for each. In 11
of the original games,all equilibria are pure,andin these
caseghe equilibriaof the reducedgamesmatchexactly. In
theremainingfour gamesGAMBIT identi ed strictly mixed
equilibria. In two of thesecasesfor every equilibriumin the
full gamethereexists an equilibrium of the reducedgame
with strateyy probabilitieswithin 0:1. In the remainingtwo
gamestherearelonglists of equilibriain the full gameand
shorterlists in the correspondingeducedgames. In these
casesmostbut notall of theequilibriain thereducedgame
areapproximationgo equilibriain thefull.

In broadercircumstancesywe should not expectto see
(nor primarily be concernedvith) directcorrespondencef
equilibriain the originalandreducedyames.Thus,we eval-
uatethe approximationof a reducedgamein termsof the
average (s ) in the original gameover all its equilibrium
pro less in the reducedgame. Note thatto calculatethis
measurewe neednot be ableto solve thefull game. Since
the gamesunderconsideratiorare symmetric,our assess-
mentincludesonly the symmetricequilibria, where every
agentplaysthe same(mixed) stratey.>

We next evaluated2-stratgy local-efect gameswith n
players,for n 2 f4;6;8;10; 12g, generating200-10,000
randominstance®f each.Figure4 shavstheaverage (s )
for every possiblereductionof every game,startingwith the
mostdrasticreduction—tooneplayer—andendingwith the
highest- delity reduction,i.e., to half asmary players. We
alsoincludetheaverage for thesocialoptimum(thepro le
maximizingaggreatepayof) in eachgameclassascalibra-
tion. We nd thatthe socialoptimumfaresbetterthanthe
equilibriain the 1-playerreduction(i.e., the stratayy yield-
ing the highestpayof if playedby everyone)but that all
the higher delity reductionsyield equilibria with average

signi cantly better The only exceptionis the caseof ap-
proximating4-playergameswith their 2-playerreductions.
We note thatin fully 90% of the 4-playerLEG instances,
the socialoptimumis alsoanequilibrium, makingit partic-
ularly hardto beatfor thatgameclass.The percentageare
alsohigh in the otherclasses—decreasingth the number
of playersto 77%for the 12-playerinstances—yethesocial
optimain all theotherclassearebeaterby solutionsto the
reducedjames.

In additionto con rming the hypothesisthat we canap-
proximatea gameby its reduction,we concludefrom this
analysisthat, asin FPSBh, we get diminishingreturnson
re nement. Thereis a large bene t to going from 1- to 2-
playergames(i.e., bringingin strateic interactionsat all),
thenprogressiely lessby addingmore delity .

Developing TAC Agents
TAC travel-shoppingis an 8-playersymmetricgame, with
a compl stratgly spaceand pivotal agentinteractions.

3Symmetric games necessarilyhave symmetric equilibria
(Nash1951),thoughthey mayhave asymmetricequilibriaaswell.
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Figure4: Local-efect gameswith 4, 6, 8, 10, and 12 play-
ers. Eachgroupof barsshaws the average for equilibria
of reductionsof the given gameat increasingdelity . The
numberof playersin thefull gameis shavn in parentheses,
with thenumberin reducedyamesundereachbar Thebars
extend upward to indicatea 95% con dence upperbound
on . To theleft of eachgroupis shavn the (with 95%
con denceintenal) of the socialoptimumof thefull game.

Stratgies include all policies for bidding on ights, ho-
tels, and entertainmentbver time, as a function of prior
obsenations. The agentsinteractin the marlkets for each
kind of good,ascompetingbuyersor potentialtradingpart-
ners. Basedon publishedaccounts, TAC participantsde-
sign agentsgiven speci ed gamerules, andthentestthese
designsn the actualtournamentaswell asof ine experi-
ments.Testingis crucial, giventhelack of ary compactan-
alytical modelof the domain.In experimentsagentdesign-
ersexplore variationson their agentprogram,for example
by tuningparametersr togglingspeci c agentfeatures.
That stratgic choicesinteract,and implicationsfor de-
signandevaluation,have beenfrequentlynotedin the TAC
literature. We omit a detailedcatalogdue to spacelim-
itations, mentioning only the extensive experimental ef-
fort on TAC travel-shoppingreportedby Vetsikasand Sel-
man (2003). In the processof designingWhitebear for
TAC-02, they rst identi ed candidatepolicies for sepa-
rate elementsof the agents'overall stratgyy. They then
de ned extreme (boundary)and intermediatevalues for
thesepartial stratgies, and performedexperimentsaccord-
ing to a systematicand deliberatelyconsiderednethodol-
ogy. Speci cally, for eachrun, they x aparticularnumber
of agentsplaying intermediatestrat@ies, varying the mix-
ture of boundarycasesacrosshe possiblerange.In all, the
Whitebear experimentcomprisedt500pro les, with vary-
ing evennumberof candidatestrateies(i.e., pro les of the
4-playergame).This systemati@xplorationwasapparently
helpful,asWhitebear wasthetop scorefin the2002tourna-
ment. This agents predecessarersionplacedthird in TAC-
01, following a lesscomprehense and structuredexperi-
mentationprocesslts successoplacedthird againin 2003,
andregainedits rst-place standingn 2004.

TAC Experiments

To apply reduced-gme analysisto the TAC domain, we
identi ed arestrictedsetof stratgies,de ned by settingpa-
rametersfor Walverine (Chenget al. 2005). We consid-
ereda total of 35 distinct strat@ies, covering variant poli-



ciesfor biddingon ights, hotels,andentertainmentA de-
scriptionof this parametrizatiomndits usein the designof

our 2005TAC entryareprovided elsavhere(Wellmanetal.

2005). We collecteddatafor alarge numberof games:over
37,000as of this writing, representingver ten monthsof

(almostcontinuous)simulation* Eachgameinstancepro-
videsa samplepayof vectorfor apro le overourrestricted
stratgy set.

Tablel shavs how our datasets apportionecamongthe
1-, 2-, and4-playerreducedgames.We areableto exhaus-
tively cover the 1-playergame, of course. We could also
have exhaustedhe 2-playerpro les, but choseto skip some
of the lesspromisingones(aroundone-quarterjn favor of
devoting moresampleslsavhere. The availablenumberof
samplescould not cover the 4-playergames,but aswe see
below, even2.4%is sufcient to draw conclusionsaboutthe
possibleequilibria of the game. Spreadover the 8-player
game, however, 37,000instanceswould be insufcient to
explore much,and so we refrain from ary samplingof the
unreducedjame.

p Pro les Samples/Pro le
total | evaluated % | min mean

4] 73,815 1775 241 10 20.8

2 630 467 | 74.1] 15 31.1

1 35 35| 100.0| 20 91.5

Tablel: Pro les evaluatedyeducedlTAC games(TACH,).

In the spirit of hierarchicalexploration,we samplemore
instancegerpro le asthe gameis furtherreducedpbtain-
ing more reliable statisticalestimatesof the coarseback-
ground relative to its re nement. On introducinga new
pro le we generatea minimum requirednumberof sam-
ples,and subsequentlylevote further samplego particular
pro les basedon their potentialfor in uencing our game-
theoreticanalysis.Thesamplingpolicy emplojedwassemi-
manualandsomevhatad hoc, drivenin aninformal way by
analysesof the sort describedbelon on intermediatever-
sionsof thedatasetDevelopingafully automatedndprin-
cipledsamplingpolicy is the subjectof futureresearch.

1-Player Game

The 1-playergame(TAC#,) would typically not merit the
term“game”,asit assumegachstrategy playsonly among
copiesof itself. Thus,its analysisconsiderso strateayic in-
teractions.To “solve” the game,we simply evaluatewhich
hasthe greatestexpectedpayof. For our experiment,we
obtained20-267sampleof eachof the35 1-playerpro les,
onefor eachstratayy.

Figure 5 displaysthe averagepayofs for eachl1-player
pro le, sortedfrom best-to-vorst, left-to-right. We tended
to take more samplesof the more promisingpro les, but

4Our simulationtestbedcomprisegwo dedicatedvorkstations
toruntheagentsanotheRAM-ladenfour-CPUmachineto runthe
agents'optimizationprocesses shareof a fourth machineto run
the TAC gamesener, andbackgroungrocessesn othermachines
to controlthe experimentgeneratioranddatagathering.
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Figure5: Averagepayofs for stratgy pro les in TAC#;.
Error barsdelimit 95%con denceintenals.

cannot statistically distinguish every pro le in the rank-
ing. Neverthelessour top stratgy, number34° performs
dramatically—250points—bettetthanthe next best,num-
ber 35. Pairwise mean-diferencetestsrank 35 above all

othersatsigni cancelevelsof p < 0:05.

In the absenceof further data, we might proposestrat-
egy 35, the uniquepure-stratgy Nashequilibrium (PSNE)
of the 1-playergame. In fact, however, this stratgy was
designedxpresslyto dowell againstitself, andmaybevul-
nerablein ernvironmentswith otheragents.By exploring a
lessextremereductionwe canstartto considersomeof the
stratgic interactions.

2-Player Game

The two-playergame, TAC#,, comprises630 distinct pro-
les: 35 34=2 = 595 wheretwo different stratgiesare
playedby four agentseach plusthe35 pro les from TACH#;
whereall agentslay the same.We canidentify PSNEsim-
ply by examining eachstratey pair (s;s%, and verifying
whethereachis a bestresponsdo the other In doing so,
we mustaccountfor the factthat our sampledatamay not
includeevaluationsfor all possiblepro les.

De nition 4 Pro les canbeclassi edinto four disjointcat-
egories, de ned belowfor the 2-player pure-strategy case
(Thegenearlizationto N -playeris straightforwaid.)

1. If (s;sY hasnotbeenempiricallyevaluated thend(s; s9
is unde ned,andwesay(s;s?) is unevaluated

2. Otherwiseandfor somdt, 0(t; s9 > (s;s? or o(t; s) >
0(s% s). In this case wesay(s; s9) is refuted

3. Otherwise andfor somet, (t; s is unevaluatedor (s;t)
is unevaluated.In this case wesay(s; s?) is a candidate

4. Otherwisgin which casewesay(s;s?) is con rmed.

Basedon our TAC#, simulationswe have con rmed ve
PSNE:(3,23),(4,9),(5,16),(6,17),and(7,24). We have re-
futed462pro les, andtheremainingl63areunevaluated.

The de nitions above say nothing aboutthe statistical
strengthof our con rmation or refutationof equilibria. For
ary particular comparison,one can perform a statistical

SSinceour presenpurposds to demonstratéechniquegor ex-
ploration and stratgic reasoningratherthan to addresshe sub-
stanceof tradingstratgies,we identify themby index only.



analysisto evaluatethe weight of evidencefor or against
stability of agivenpro le. Forinstancewe could construct
diagramsf theform of Figure5, but representinghe payof

in responsedo a particularstratey, ratherthanin self-play

Sucha plot of responseso stratgy 17 would indicate,for

example, that 18 is quite nearly as good as 6, and so the

con rmation of (6,17)asa PSNEis statisticallyweak.

We canalsomeasurehe degree of refutationin termsof
the measurale ned by (1). Sincethe payof functionis
only partially evaluated,for ary prole we have a lower
boundon basednthedeviationpro les thusfarevaluated.
We cangeneralizehe classi cationsabove (refuted,candi-
date,con rmed) in the obviousway to hold with respecto
ary given level. For example,pro le (17,18)is con rmed
at = 0:08, but all othernon-PSNEpro les arerefutedat

> 13 Figure 6 presentghe distribution of levels at
whichthe467evaluated?-playerpro les have beenrefuted.
For example,over half have beenrefutedat > 265 andall
but 10at > 30. TheselO purepro les remaincandidates
(9 of themcon rmed)at = 30.
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Figure6: Cumulatize distribution of boundsin TACH,.

We can also evaluatesymmetricpro les by considering
mixtures of stratgies. Although we do not have the full
payof function,we canderive boundson mixed pro les,
aslong as we have evaluatedpure pro les corresponding
to all combinationsof stratgies supportedn the mixture.
For example,we canderive suchboundsfor all 432 pairs
of stratgjiesfor which we have evaluated2-playerpro les.
Thedistribution of boundsfor thesepairsarealsoplottedin
Figure6. Notethatthe boundfor astratgy pairis basen
the bestmixture possibleof that pair, andso the refutation
levels tendto be smallerthanfor pure stratgies. Indeed,
threepairs—(4,9),(5,16), (6,17)—participatén con rmed
equilibria, another—(34,35)—isa candidateanda total of
17 pairsremaincandidatesit = 10, with 12 con rmed at
thatlevel.

We apply the term k-clique to a setof k stratgiessuch
thatall pro les involving thesestratgjiesare evaluated. A
cliguede nesasubgmeof theoriginal game,which canbe
evaluatedby standardnethods.We appliediterative elimi-
nationof dominatedstratgyiesto all the maximalcliquesof
the2-playergame rangingin sizeuptok = 23. Thisindeed
prunedmary stratgyiesandinducednen subsumptiorrela-
tionsamongthe cliques,leaving us with only onemaximal
cligue,of size16. We appliedthe Lemke-Havsonalgorithm

to this subgame, which identi ed 29 candidatesymmetric
equilibria(notrefutedby stratgiesoutsidethecliques) with

distinctsupportgangingin sizefrom two to nine. Nineteen
of thesemixturesare con rmed (including the three pairs
mentionedabore).

Becauseary equilibrium of the full gamemustalso be
an equilibrium in ary sub@me encompassingts support,
this exercisealsoallows us to prunebroadregions of pro-
le spacefrom consideratiorf. For instance the subgme
resultseffectively refute 3056 stratgyy triples (out of 6545
total, or 47%) as comprisingsupportfor symmetricequi-
libria. By similar reasoning,we refute 14789 stratgy
quadrupleg28%). Giventheimportanceof small supports
in recentapproacheso deriving equilibria (Porter Nudel-
man, & Shoham2004), or approximateequilibria (Lipton,
Markakis,& Mehta2003),focusingthe searchin thesere-
gionscanbe quite helpful.

Finally, we canaccountfor statisticalvariationin the es-
timated payofs by employing sensitvity analysisin our
calculations.Speci cally, we interpreteachpayof valuein
the estimatedgameas normally distributed with meanand
variancegiven by the sample.We thenapply Monte Carlo
methodsto generatea distribution of valuesfor a given
pro le, onecorrespondingo eachdraw of a payof function
from the speci ed distributions. Naturally, even our con-
rmed equilibriaarerefutedwith substantiaprobability, and
thushave positive in expectation.Themostrobustly stable
pro le we have identi ed thusfaris a mixture of (3,16,23),
with amean valueof 64.

4-Player Game

Our analysisof the 4-playergame, TAC#,, parallelsthat of
the 2-playergame thoughof coursebasedn a sparsercov-
erageof thepro le space.Thereare73,815distinct TAC#,
pro les, outof whichwe have evaluatedl 775.0f these 154
are TAC#, pro les with no evaluatedneighborsin TAC#,
(i.e., no deviationstested). Although theseare technically
PSNEcandidatesyve distinguishthemfrom the one PSNE
candidatehathasactuallysurvivedsomechallenge There-
maining 1620evaluatedpro les arerefuted,at variouslev-
els. Thedistribution of boundss plottedin Figure?.
Figure 7 also shaws, inset, the distribution of epsilon
boundsoverthe 128stratey pairsfor which we have evalu-
atedall combinationsn TACH, (i.e., the2-cliques).Among
theseare 14 candidateequilibriaat = 10, two of them
nearlyconrmedat = 0:1. The TAC#, cliquesarerela-
tively small: three5-cliques,15 4-cliques,and51 3-cliques.
Eliminating dominatedstrateyies pruneslittle in this case,
andwe have beenunsuccesfuln getting GAMBIT to solve
ary k-clique gamesin the 4-playergamefor k > 2. How-
ever, applying replicatordynamicsproducessamplesym-
metric sub@meequilibria,including 11 mixturetriplesthat
constitutecandidatesvith respecto thefull game.

S5Pruningis strictly justi ed only underthe assumptiorthatwe
have identi ed all symmetricequilibria of the clique subg@mes.
TheLemke-Howvsonalgorithmdoesnotguarante¢his, butin every
casefor whichwe wereableto checkusingmoreexhaustve meth-
odsavailablein camBIT, in factall suchequilibriawerefound.
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Figure 7: Cumulative distribution of boundsin TAC#,.
Main graph:purepro les. Inset: 2-stratgy mixtures.

Finally, given datain both the 2-player and 4-player
games,we can perform somecomparisonsalongthe lines
of our GAMUT experimentsdescribedabove. The results,
shavn in Figure8, arenotasclearasthosefrom the known-
gameexperiments,in part becauseahereis no “gold stan-
dard”, asthe4-playergameis quiteincompletelyevaluated.
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Figure8: boundsin the 4-playergameachiered by play-
ing the bestmixture from the 2-playergame,versusplaying
thatbestin the4-player All pointsmustbe southeastf the
diagonalby de nition.

Discussion

Givenall this simulationandanalysis,canwe now identify
the “best” stratgyy to play in TAC? Surely not, thoughwe
do have strongevidencefor expectingthata sizablefraction
(abouttwo-thirds)of the original 35 stratgieswill turn out
to beunstablewithin this set. However, we still lackade ni-
tive characterizatiorof equilibrium pro les for the game,
and moreo/er even possessingone would not necessarily
give ustheanswer Stratgic stability is justoneform of evi-
dencebearingpnwhatwe shouldexpectotheragentgo play.
In lieu of acateyoricalrecommendationyhatwe haveis an
improved understandingf the strategyic landscapePerhaps
moreimportantly given a new stratgy proposal,our anal-
ysis tells usin which stratgic contexts (i.e., the relatively
stablepro les) it needsto be evaluated. We have adopted
this heuristicin exploring the stratgy spacefor Walverine,

andwill soonlearnhow well this approachpreparedus for
the2005tournamen{Wellmanetal. 2005).

More generally we concludethathierarchicalanalysisof
reducedgamescan be an effective tool for scalingup em-
pirical game-theoretienethodsto symmetricervironments
with mary agents.Choiceof reductionlevel trades delity
for tractabilityin a controlledway. Furthertheoreticalanal-
ysis and applicationexperienceshouldleadto a fuller un-
derstandingf thetradeof, andidentify additionalwaysto
applythereductionapproactpresentedere.
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