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Abstract

To dealwith exponentialgrowth in thesizeof agamewith the
numberof agents,we proposean approximationbasedon a
hierarchy of reducedgames.Thereducedgameachievessav-
ingsby restrictingthenumberof agentsplayingany strategy
to �x edmultiples.We validatetheideathroughexperiments
on randomlygeneratedlocal-effect games.An extendedap-
plicationto strategic reasoningabouta complex tradingsce-
nariomotivatestheapproach,anddemonstratesmethodsfor
game-theoreticreasoningover incompletely-speci�edgames
atmultiple levelsof granularity.

Moti vation
Considerthe taskof selectingamonga large setof strate-
giesto play in an8-playergame.Throughcarefuljudgment
you manageto narrow down thecandidatesto a reasonable
numberof strategies(say35). Becausetheperformanceof a
strategy for oneagentdependson thestrategiesof theother
seven, you wish to undertake a game-theoreticanalysisof
the situation. Determiningthe payoff for a particularstrat-
egy pro�le is expensive, however, asyour observationsof
prior gameinstancesarequite limited, andtheonly opera-
tional descriptionof thegameis in the form of a simulator
thattakesanon-negligible time(say10minutes)to produce
oneoutcome.Moreover, sincetheenvironmentis stochastic,
numeroussamples(say12)arerequiredto produceareliable
estimatefor evenonepro�le. At two hoursperpro�le, ex-
haustively exploring pro�le spacewill require2 � 358 or 4.5
trillion hourssimply to estimatethe payoff function repre-
sentingthegameunderanalysis.If thegameis symmetric,
you can exploit that fact to reducethe numberof distinct
pro�les to

� 42
8

�
, which will require236million hours.That

is quiteabit less,but still muchmoretime thanyouhave.
Thisis thesituationwefaceasentrantsin theannualTrad-

ing AgentCompetition(TAC) travel-shoppingmarket game
(Wellmanetal. 2003).Thenecessityof empiricalevaluation
in this settingcombinedwith the infeasibility of exhaustive
analysispromptsusto seekprincipledwaysto directa non-
exhaustive exploration. In this paperwe investigatetheex-
ploitationof hierarchicalstructurein thespaceof pro�les to
balancethegoalsof spanningtheoverallspaceandfocusing
effort on themostpromisingregions.
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Theideais thatalthougha strategy's payoff doesdepend
on theplay of otheragents(otherwisewe arenot in a game
situationat all), it may be relatively insensitive to the ex-
act numbersof other agentsplaying particular strategies.
For example,let (s;m; s0) denotea pro�le wherem other
agentsplay strategy s, andtherestplay s0. In many natural
games,thepayoff for playingany particularstrategy against
this pro�le will vary smoothlywith m. If suchis the case,
wesacri�ce relatively little �delity by restrictingattentionto
subsetsof pro�les, for instancethosewith only even num-
bersof any particularstrategy. To do so essentiallytrans-
forms the N -playergameto an N=2-playergameover the
samestrategy set,wherethe payoffs to a pro�le in the re-
ducedgamearesimply thosefrom theoriginal gamewhere
eachstrategy in thereducedpro�le is playedtwice.

The potentialsavings from reducedgamesareconsider-
able, as they containcombinatoriallyfewer pro�les. The
4-playerapproximationto the TAC game(with 35 strate-
gies)comprises73,815distinctpro�les, comparedwith 118
million for the original 8-playergame. In caseexhaustive
considerationof the 4-player game is still infeasible,we
canapproximatefurtherby a corresponding2-playergame,
which hasonly 630 pro�les. Approximatingby a 1-player
gameis tantamountto ignoringstrategic effects,considering
only the35“pro�les” wherethestrategiesareplayedagainst
themselves. In general,an N -playersymmetricgamewith
S strategies includes

� N + S� 1
N

�
distinct pro�les. Figure 1
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Figure1: Numberof distinct pro�les (log scale)of a sym-
metricgame,for variousnumbersof playersandstrategies.



shows theexponentialgrowth in bothN andS.
The main contribution of this paperis to introducethe

conceptof approximationthroughhierarchicalgamereduc-
tion. We begin by providing a more precisede�nition of
reducedgames.Next wepresentevidencesupportingtheap-
proximationof gamesby reducedversions,basedontheoret-
ical andexperimentalstudiesof threegameclasses.Therest
of the paperfocuseson our applicationto the TAC travel-
shoppingdomain,demonstratingthe useof game-theoretic
reasoningaboutpossibleequilibria basedon only incom-
pleteevaluationof theunderlyingpayoff function.

Hierar chy of ReducedGames
We develop our hierarchical reduction conceptsin the
framework of symmetricnormal-formgames.1

De�nition 1 � = hN; f Si g; f ui ()gi is anN -playernormal-
form game, with strategy setSi theavailablestrategiesfor
player i , and thepayoff functionui (s1; : : : ; sN ) giving the
utility accruingto playeri whenplayerschoosethestrategy
pro�le (s1; : : : ; sN ).

De�nition 2 A normal-form game is symmetric if the
players have identical strategy spaces(Si = S) and
ui (si ; s� i ) = uj (sj ; s� j ), for si = sj ands� i = s� j for all
i; j 2 f 1; : : : ; N g. Thuswe can denotea symmetricgame
by hN; S; u() i , with u(t; s) thepayoff to anyplayerplaying
strategy t whentheremainingplayers playpro�le s.

Ourcentralconceptis thatof a reducedgame.

De�nition 3 Let � = hN ; S; u() i bean N -playersymmet-
ric game, with N = pq for integers p and q. Thep-player
reducedversionof � , written � #p, is givenby hp;S; û() i ,
where

ûi (s1; : : : ; sp) = uq�i (s1; : : :
| {z }

q

; s2; : : :
| {z }

q

; : : : ; sp; : : :
| {z }

q

):

In other words, the payoff functionin the reducedgameis
obtainedby playing the speci�ed pro�le in the original q
times.

Theideaof areducedgameis to coarsenthepro�le space
by restrictingthedegreesof strategic freedom.Althoughthe
original set of strategies remainsavailable, the numberof
agentsplayingany strategy mustbea multiple of q. Every
pro�le in the reducedgameis onein the original game,of
course,andany pro�le in theoriginal gamecanbereached
from apro�le containedin thereducedgameby changingat
mostp(q � 1) agentstrategies.

To searcha pro�le spacehierarchically, we applya series
of gamereductions.Thegameresultingfrom sucha series
is independentof thereductionordering.Let q = r �r 0. Then

(� #p�r )#p= (� #p�r 0)#p= � #p :

Example1 (FPSBn) In the n-player �r st-pricesealed-bid
auction,player i hasa private valuevi , decidesto bid bi ,

1Althoughthemethodsmaygeneralizeto somedegreeto par-
tially symmetricgames,or to exploit extensive forms, we do not
pursuesuchextensionshere.

andobtainspayoff vi � bi if its bid is highest(andzero oth-
erwise). We de�ne FPSBn as a specialcasewhere vi �
U[0; 1], andagentsarerestrictedto parametrizedstrategies,
biddingki vi for ki 2 [0; 1].

Let n = pq. In thereducedgameFPSBn#p, eachagent
i = 1; : : : ; p selectsa singleactionki , which thengetsap-
plied to q valuationsvi 1 ; : : : ; vi q to de�ne q bids. Theauc-
tion proceedsasnormal,andagenti 's payoff is de�ned as
theaverage payoff associatedwith its q bids. Note that the
gameFPSBn#p is quiteadifferentgamefrom eitherFPSBn
or FPSBp. Whenrepresentedexplicitly overadiscretesetof
actions,FPSBn#p is thesamesizeasFPSBp, andbothare
exponentiallysmallerthanFPSBn.

Reduced-GameApproximations
Our premiseis that the reducedgamewill often serve asa
goodapproximationof thefull gameit abstracts.We know
thatin theworstcaseit doesnot. In general,anequilibrium
of thereducedgamemaybearbitrarily far from equilibrium
with respectto thefull game,andanequilibriumof thefull
gamemaynothave any nearneighborsin thereducedgame
that arecloseto equilibrium there.2 The question,then, is
whetherusefulhierarchicalstructureis presentin “typical”
or “natural” games,however we might identify sucha class
of gamesof interest.Althoughwe have no generalcharac-
terizationof theclassof gamesfor which theapproximation
workswell, we provide positive evidencefor threespeci�c
classesof symmetricgamesin thesectionsbelow.

FPSBn

The n-playerFPSBauctionhasa uniquesymmetricNash
equilibrium,at k = n � 1

n (Krishna2002). For example,the
equilibriumfor FPSB2is 1=2, andfor FPSB4it is 3=4. From
thefollowing theorem,giving theequilibriumof FPSBn#p,
wehave 2=3 in equilibriumfor FPSB4#2.

Theorem1 The unique symmetric Nash equilibrium of
FPSBn#p is

n(p � 1)
p + n(p � 1)

:

(Proofsof thisandsubsequenttheoremsareomitted.)
The difference between equilibrium strategies of

FPSB4#2 andFPSB4is onemeasureof their distance.An
alternative measureof approximationquality is to evaluate
solutionsof thereducedgamein thecontext of theoriginal.
Speci�cally, we ask: If the agentsplay a reduced-game
equilibrium in the original game,how much can a single
agent gain from deviating from such a pro�le? If the
answeris zero,thentheequilibriacoincide.Moregenerally,
the smaller the gain from deviating, the more faithful the
reducedgameapproximation.

2FPSBn#1 is anexample(albeitadegenerateone)of areduced
gamehaving very differentequilibria thanthe full game.Theop-
timal strategy in the 1-playerreductionis to bid zero (as it is in
FPSB1)whereasin the n-player game, for n > 1, equilibrium
playersbid a largefraction(at least1=2) of their types.



Let us denoteby � � (s) the potential gain to deviating
from strategy pro�le s in game � . For symmetricgame
� = hN; S; u() i ,

� � (s) = max
s02 S

u(s0; s) � u(s; s): (1)

Thisusagefollowsthestandardnotionof approximateequi-
librium. Pro�le s is an � � (s)-Nashequilibrium of � , with
0-Nashcorrespondingto exactequilibrium.Henceforth,we
dropthegamesubscriptwhenunderstoodin context.

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Symmetric strategy profile

0

0.01

0.02

0.03

0.04

0.05

E
ps

ilo
n

Figure 2: Epsilonsfor symmetricpro�les of FPSB2(left
dashedcurve), FPSB4#2 (dots),andFPSB4(right dashed
curve). Uniquesymmetricequilibria(1=2; 2=3; 3=4) arein-
dicatedby arrowson thex-axis.

Figure 2 plots � (k) for the threegamevariations. We
derived a closed-formexpressionfor � FPSB n , whereasthe
curve for � FPSB4 #2 wasestimatednumerically(thoughwe
know its exact root by Theorem1). Our estimationproce-
dureconsideredall pro�les over discretevaluesof k, at in-
tervals of 1=40. At this granularity, FPSB4comprises158
times as many pro�les as doesFPSB4#2. Basedon our
analysis,FPSB4#2 comparesquite favorably to FPSB2as
an approximationof FPSB4. In particular, taking their re-
spectiveequilibriumvalues,� FPSB 4(2=3) is nearlytentimes
smallerthan� FPSB 4(1=2).

We can generalizethis conclusionto arbitrary n and p.
Let s� (�) denotethe uniquesymmetricequilibrium for � ,
which is well-de�ned for ourFPSBgamesof interest.

Theorem2 For all n > p > 1,

� FPSB n (s� (FPSBn#p)) < � FPSB n (s� (FPSBp)) :

We canalsocon�rm that for any numberof players,less
drasticFPSBreductionsprovidebetterapproximations.

Theorem3 For all n > p > q � 1,

� FPSB n (s� (FPSBn#p)) < � FPSB n (s� (FPSBn#q)) :

Bertrand Oligopoly
Theprecedinganalysisis reassuring,but of coursewedonot
actuallyneedto approximateFPSBn, sinceits generalsolu-
tion is known. To further evaluatethe quality of reduced-
game approximations,we turn to other natural gamesof
potential interest. Facilitating such studieswas precisely

the motivation of the authorsof GAMUT (Nudelmanet al.
2004),a �e xible softwaretool for generatingrandomgames
from a wide variety of well-de�ned gameclasses.Using
GAMUT, wecanobtainrandominstancesof someclass,and
examinethe relation of the original gamesto versionsre-
ducedto varying degrees. The advantageof a generator
suchas GAMUT is that we canobtaina full gamespeci�-
cationquickly (unlike for TAC), of speci�ed sizebasedon
our computationalcapacityfor analysis.Moreover, we can
samplemany instanceswithin a class,anddevelopa statis-
tical pro�le of thepropertiesof interest.

The �rst classof gameswe examinedusing GAMUT is
a discretesymmetricversionof Bertrand Oligopoly (BO),
which models price competition among a set of identi-
cal producers(Mas-Colell,Whinston,& Green1995,Sec-
tion 12.C).In theBertrandmodel,each�rm declaresaprice,
andtotal demandat thelowestpriceis dividedamongthose
�rms offeringthatprice.Thepayoffs aregivenby netpro�t,
whichis zerofor �rms pricedabovetheminimum.To gener-
ateaBO gamein GAMUT, wespecifythenumbersof agents
anddiscreteprice levels (i.e., the actions),andparameters
for thedemandandcostfunctions.By specifyingrangesfor
somefunctionparameters,wede�ne aclassof suchgames.

Wegeneratedthreerandom8-playerBO games,with 3,4,
and5 actions,respectively. We measured� BO for eachpure
pro�le in theoriginal andreducedgames.Figure3 presents
the correlationcoef�cients, for eachBO gameinstance,of
the� BO for pro�les sharedbyeachpairof gameversions.As
we see,the correlationis quite strongbetweenthe original
and reducedgames,with relative valuesdependingon the
degreeof reduction.
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Figure3: Correlationamong� BO valuesfor pro�les in BO
(BO#8) andreducedversions,for 3-,4- and5-actionrandom
BO instances.(q; r ) marksthe column comparingBO #q
with BO#r . The4-actionBO#8 andBO#4 showedno vari-
ationin � BO for pro�les sharedwith BO#1.

Local-Effect Games
Weperformedamorethoroughexperimentalstudyof apar-
ticular classknown as local-effect games(LEGs) (Leyton-
Brown & Tennenholtz2003),a localizedversionof conges-
tion gamesmotivatedby problemsin AI andcomputernet-
works. Speci�cally, we considersymmetricbi-directional
local-effectgamesrandomlygeneratedby GAMUT by creat-
ing randomgraphstructuresandrandompolynomialpayoff
functionsdecreasingin thenumberof action-nodeschosen.

In a preliminary experiment,we generated15 symmet-
ric LEG instanceswith six playersandtwo strategies,and



payoffs normalizedon [0; 1]. For eachof thesewe gener-
atedthe corresponding3-playerreduction.We thenfed all
30 of theseinstancesto GAMBIT (McKelvey, McLennan,&
Turocy 1992),ageneralgame-solvingpackage,whichcom-
putedthe completeset of Nashequilibria for each. In 11
of the original games,all equilibria arepure,and in these
casestheequilibriaof thereducedgamesmatchexactly. In
theremainingfour games,GAMBIT identi�ed strictly mixed
equilibria. In two of thesecases,for everyequilibriumin the
full gamethereexists an equilibrium of the reducedgame
with strategy probabilitieswithin 0:1. In theremainingtwo
games,therearelong lists of equilibriain thefull gameand
shorterlists in the correspondingreducedgames. In these
cases,mostbut not all of theequilibriain thereducedgame
areapproximationsto equilibriain thefull.

In broadercircumstances,we shouldnot expect to see
(nor primarily beconcernedwith) directcorrespondenceof
equilibriain theoriginalandreducedgames.Thus,weeval-
uatethe approximationof a reducedgamein termsof the
average� (s� ) in the original gameover all its equilibrium
pro�less� in the reducedgame. Note that to calculatethis
measure,we neednot beableto solve thefull game.Since
the gamesunderconsiderationare symmetric,our assess-
ment includesonly the symmetricequilibria, whereevery
agentplaysthesame(mixed)strategy.3

We next evaluated2-strategy local-effect gameswith n
players,for n 2 f 4; 6; 8; 10; 12g, generating200–10,000
randominstancesof each.Figure4 shows theaverage� (s� )
for everypossiblereductionof everygame,startingwith the
mostdrasticreduction—tooneplayer—andendingwith the
highest-�delity reduction,i.e., to half asmany players.We
alsoincludetheaverage� for thesocialoptimum(thepro�le
maximizingaggregatepayoff) in eachgameclassascalibra-
tion. We �nd that the socialoptimumfaresbetterthanthe
equilibria in the 1-playerreduction(i.e., thestrategy yield-
ing the highestpayoff if playedby everyone)but that all
the higher �delity reductionsyield equilibria with average
� signi�cantly better. Theonly exceptionis thecaseof ap-
proximating4-playergameswith their 2-playerreductions.
We note that in fully 90% of the 4-playerLEG instances,
thesocialoptimumis alsoanequilibrium,makingit partic-
ularly hardto beatfor thatgameclass.Thepercentagesare
alsohigh in theotherclasses—decreasingwith thenumber
of playersto 77%for the12-playerinstances—yetthesocial
optimain all theotherclassesarebeatenby solutionsto the
reducedgames.

In additionto con�rming the hypothesisthat we canap-
proximatea gameby its reduction,we concludefrom this
analysisthat, as in FPSBn, we get diminishingreturnson
re�nement. Thereis a large bene�t to going from 1- to 2-
playergames(i.e., bringing in strategic interactionsat all),
thenprogressively lessby addingmore�delity .

DevelopingTAC Agents
TAC travel-shoppingis an 8-playersymmetricgame,with
a complex strategy spaceand pivotal agent interactions.

3Symmetric games necessarilyhave symmetric equilibria
(Nash1951),thoughthey mayhaveasymmetricequilibriaaswell.
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Figure4: Local-effect gameswith 4, 6, 8, 10, and12 play-
ers. Eachgroupof barsshows the average� for equilibria
of reductionsof the given gameat increasing�delity . The
numberof playersin thefull gameis shown in parentheses,
with thenumberin reducedgamesundereachbar. Thebars
extend upward to indicatea 95% con�denceupperbound
on � . To the left of eachgroup is shown the � (with 95%
con�denceinterval) of thesocialoptimumof thefull game.

Strategies include all policies for bidding on �ights, ho-
tels, and entertainmentover time, as a function of prior
observations. The agentsinteract in the markets for each
kind of good,ascompetingbuyersor potentialtradingpart-
ners. Basedon publishedaccounts,TAC participantsde-
sign agentsgiven speci�ed gamerules,andthentest these
designsin the actualtournamentsaswell asof�ine experi-
ments.Testingis crucial,giventhelack of any compactan-
alytical modelof thedomain.In experiments,agentdesign-
ersexplore variationson their agentprogram,for example
by tuningparametersor togglingspeci�c agentfeatures.

That strategic choicesinteract,and implicationsfor de-
signandevaluation,have beenfrequentlynotedin theTAC
literature. We omit a detailedcatalogdue to spacelim-
itations, mentioning only the extensive experimentalef-
fort on TAC travel-shoppingreportedby VetsikasandSel-
man (2003). In the processof designingWhitebear for
TAC-02, they �rst identi�ed candidatepolicies for sepa-
rate elementsof the agents' overall strategy. They then
de�ned extreme (boundary)and intermediatevalues for
thesepartial strategies,andperformedexperimentsaccord-
ing to a systematicand deliberatelyconsideredmethodol-
ogy. Speci�cally, for eachrun, they �x a particularnumber
of agentsplaying intermediatestrategies,varying the mix-
tureof boundarycasesacrossthepossiblerange.In all, the
Whitebear experimentscomprised4500pro�les, with vary-
ing evennumbersof candidatestrategies(i.e.,pro�les of the
4-playergame).Thissystematicexplorationwasapparently
helpful,asWhitebear wasthetopscorerin the2002tourna-
ment.Thisagent'spredecessorversionplacedthird in TAC-
01, following a lesscomprehensive and structuredexperi-
mentationprocess.Its successorplacedthird again in 2003,
andregainedits �rst-place standingin 2004.

TAC Experiments
To apply reduced-game analysisto the TAC domain, we
identi�ed arestrictedsetof strategies,de�ned by settingpa-
rametersfor Walverine (Chenget al. 2005). We consid-
ereda total of 35 distinct strategies,covering variantpoli-



ciesfor biddingon �ights, hotels,andentertainment.A de-
scriptionof this parametrizationandits usein thedesignof
our 2005TAC entryareprovidedelsewhere(Wellmanet al.
2005).We collecteddatafor a largenumberof games:over
37,000asof this writing, representingover ten monthsof
(almostcontinuous)simulation.4 Eachgameinstancepro-
videsasamplepayoff vectorfor apro�le overour restricted
strategy set.

Table1 shows how our datasetis apportionedamongthe
1-, 2-, and4-playerreducedgames.We areableto exhaus-
tively cover the 1-playergame,of course. We could also
haveexhaustedthe2-playerpro�les, but choseto skipsome
of the lesspromisingones(aroundone-quarter)in favor of
devoting moresampleselsewhere.Theavailablenumberof
samplescould not cover the 4-playergames,but aswe see
below, even2.4%is suf�cient to draw conclusionsaboutthe
possibleequilibria of the game. Spreadover the 8-player
game,however, 37,000instanceswould be insuf�cient to
explore much,andso we refrain from any samplingof the
unreducedgame.

p Pro�les Samples/Pro�le
total evaluated % min mean

4 73,815 1775 2.4 10 20.8
2 630 467 74.1 15 31.1
1 35 35 100.0 20 91.5

Table1: Pro�les evaluated,reducedTAC games(TAC#p).

In thespirit of hierarchicalexploration,we samplemore
instancesperpro�le asthegameis furtherreduced,obtain-
ing more reliable statisticalestimatesof the coarseback-
ground relative to its re�nement. On introducing a new
pro�le we generatea minimum requirednumberof sam-
ples,andsubsequentlydevote further samplesto particular
pro�les basedon their potentialfor in�uencing our game-
theoreticanalysis.Thesamplingpolicy employedwassemi-
manualandsomewhatadhoc, drivenin aninformalwayby
analysesof the sort describedbelow on intermediatever-
sionsof thedataset.Developinga fully automatedandprin-
cipledsamplingpolicy is thesubjectof futureresearch.

1-Player Game
The 1-playergame(TAC#1) would typically not merit the
term“game”,asit assumeseachstrategy playsonly among
copiesof itself. Thus,its analysisconsidersno strategic in-
teractions.To “solve” thegame,we simply evaluatewhich
hasthe greatestexpectedpayoff. For our experiment,we
obtained20–267samplesof eachof the351-playerpro�les,
onefor eachstrategy.

Figure 5 displaysthe averagepayoffs for each1-player
pro�le, sortedfrom best-to-worst, left-to-right. We tended
to take more samplesof the more promisingpro�les, but

4Our simulationtestbedcomprisestwo dedicatedworkstations
to runtheagents,anotherRAM-ladenfour-CPUmachineto runthe
agents'optimizationprocesses,a shareof a fourth machineto run
theTAC gameserver, andbackgroundprocessesonothermachines
to controltheexperimentgenerationanddatagathering.
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Figure5: Averagepayoffs for strategy pro�les in TAC#1.
Errorbarsdelimit 95%con�denceintervals.

cannot statistically distinguish every pro�le in the rank-
ing. Neverthelessour top strategy, number34,5 performs
dramatically—250points—betterthanthe next best,num-
ber 35. Pairwise mean-differencetestsrank 35 above all
othersat signi�cancelevelsof p < 0:05.

In the absenceof further data,we might proposestrat-
egy 35, the uniquepure-strategy Nashequilibrium (PSNE)
of the 1-playergame. In fact, however, this strategy was
designedexpresslyto dowell againstitself, andmaybevul-
nerablein environmentswith otheragents.By exploring a
lessextremereductionwe canstartto considersomeof the
strategic interactions.

2-Player Game
The two-playergame,TAC#2, comprises630 distinct pro-
�les: 35 � 34=2 = 595 wheretwo different strategies are
playedby four agentseach,plusthe35pro�les from TAC#1
whereall agentsplay thesame.We canidentify PSNEsim-
ply by examining eachstrategy pair (s; s0), and verifying
whethereachis a bestresponseto the other. In doing so,
we mustaccountfor the fact that our sampledatamay not
includeevaluationsfor all possiblepro�les.

De�nition 4 Pro�les canbeclassi�edinto four disjointcat-
egories,de�ned belowfor the 2-playerpure-strategy case.
(Thegeneralizationto N -playeris straightforward.)

1. If (s; s0) hasnotbeenempiricallyevaluated,thenû(s; s0)
is unde�ned,andwesay(s; s0) is unevaluated.

2. Otherwise, andfor somet, û(t; s0) > û(s; s0) or û(t; s) >
û(s0; s). In thiscase, wesay(s; s0) is refuted.

3. Otherwise, andfor somet, (t; s0) is unevaluatedor (s; t)
is unevaluated.In thiscase, wesay(s; s0) is a candidate.

4. Otherwise, in which casewesay(s; s0) is con�rmed.

BasedonourTAC#2 simulations,wehave con�rmed � ve
PSNE:(3,23),(4,9), (5,16),(6,17),and(7,24). We have re-
futed462pro�les, andtheremaining163areunevaluated.

The de�nitions above say nothing about the statistical
strengthof our con�rmation or refutationof equilibria. For
any particular comparison,one can perform a statistical

5Sinceourpresentpurposeis to demonstratetechniquesfor ex-
ploration and strategic reasoningrather than to addressthe sub-
stanceof tradingstrategies,we identify themby index only.



analysisto evaluatethe weight of evidencefor or against
stability of a givenpro�le. For instance,we couldconstruct
diagramsof theform of Figure5,but representingthepayoff
in responseto a particularstrategy, ratherthanin self-play.
Sucha plot of responsesto strategy 17 would indicate,for
example, that 18 is quite nearly as good as 6, and so the
con�rmation of (6,17)asaPSNEis statisticallyweak.

We canalsomeasurethedegreeof refutationin termsof
the � measurede�ned by (1). Sincethe payoff function is
only partially evaluated,for any pro�le we have a lower
boundon� basedonthedeviationpro�les thusfarevaluated.
We cangeneralizetheclassi�cationsabove (refuted,candi-
date,con�rmed) in theobviousway to hold with respectto
any given� level. For example,pro�le (17,18)is con�rmed
at � = 0:08, but all othernon-PSNEpro�les arerefutedat
� > 13. Figure 6 presentsthe distribution of � levels at
whichthe467evaluated2-playerpro�les havebeenrefuted.
For example,overhalf havebeenrefutedat � > 265, andall
but 10 at � > 30. These10 purepro�les remaincandidates
(9 of themcon�rmed) at � = 30.

0

100

200

300

400

0 200 400 600 800 1000 1200
epsilon bound

pure profiles
2-strategy
mixtures

Figure6: Cumulative distributionof � boundsin TAC#2.

We canalsoevaluatesymmetricpro�les by considering
mixturesof strategies. Although we do not have the full
payoff function,we canderive � boundson mixedpro�les,
as long as we have evaluatedpure pro�les corresponding
to all combinationsof strategiessupportedin the mixture.
For example,we canderive suchboundsfor all 432 pairs
of strategiesfor which we have evaluated2-playerpro�les.
Thedistributionof boundsfor thesepairsarealsoplottedin
Figure6. Notethatthe� boundfor astrategy pair is basedon
the bestmixture possibleof that pair, andso the refutation
levels tend to be smallerthan for pure strategies. Indeed,
threepairs—(4,9),(5,16), (6,17)—participatein con�rmed
equilibria,another—(34,35)—isa candidate,anda total of
17 pairsremaincandidatesat � = 10, with 12 con�rmed at
thatlevel.

We apply the term k-clique to a setof k strategiessuch
that all pro�les involving thesestrategiesareevaluated.A
cliquede�nesasubgameof theoriginalgame,whichcanbe
evaluatedby standardmethods.We appliediterative elimi-
nationof dominatedstrategiesto all themaximalcliquesof
the2-playergame,rangingin sizeupto k = 23. This indeed
prunedmany strategiesandinducednew subsumptionrela-
tionsamongthecliques,leaving uswith only onemaximal
clique,of size16. WeappliedtheLemke-Howsonalgorithm

to this subgame,which identi�ed 29 candidatesymmetric
equilibria(notrefutedby strategiesoutsidethecliques),with
distinctsupportsrangingin sizefrom two to nine. Nineteen
of thesemixturesare con�rmed (including the threepairs
mentionedabove).

Becauseany equilibrium of the full gamemust also be
an equilibrium in any subgameencompassingits support,
this exercisealsoallows us to prunebroadregionsof pro-
�le spacefrom consideration.6 For instance,the subgame
resultseffectively refute3056strategy triples (out of 6545
total, or 47%) as comprisingsupportfor symmetricequi-
libria. By similar reasoning,we refute 14789 strategy
quadruples(28%). Given the importanceof small supports
in recentapproachesto deriving equilibria (Porter, Nudel-
man,& Shoham2004),or approximateequilibria (Lipton,
Markakis,& Mehta2003),focusingthe searchin thesere-
gionscanbequitehelpful.

Finally, we canaccountfor statisticalvariationin thees-
timatedpayoffs by employing sensitivity analysisin our �
calculations.Speci�cally, we interpreteachpayoff valuein
the estimatedgameasnormally distributedwith meanand
variancegiven by the sample.We thenapply Monte Carlo
methodsto generatea distribution of � valuesfor a given
pro�le, onecorrespondingto eachdraw of apayoff function
from the speci�ed distributions. Naturally, even our con-
�rmed equilibriaarerefutedwith substantialprobability, and
thushavepositive � in expectation.Themostrobustlystable
pro�le we have identi�ed thusfar is a mixtureof (3,16,23),
with amean� valueof 64.

4-Player Game
Our analysisof the4-playergame,TAC#4, parallelsthatof
the2-playergame,thoughof coursebasedonasparsercov-
erageof thepro�le space.Thereare73,815distinctTAC#4
pro�les, outof whichwehaveevaluated1775.Of these,154
areTAC#2 pro�les with no evaluatedneighborsin TAC#4
(i.e., no deviations tested). Although theseare technically
PSNEcandidates,we distinguishthemfrom theonePSNE
candidatethathasactuallysurvivedsomechallenge.There-
maining1620evaluatedpro�les arerefuted,at variouslev-
els.Thedistributionof � boundsis plottedin Figure7.

Figure 7 also shows, inset, the distribution of epsilon
boundsover the128strategy pairsfor whichwehaveevalu-
atedall combinationsin TAC#4 (i.e., the2-cliques).Among
theseare 14 candidateequilibria at � = 10, two of them
nearlycon�rmed at � = 0:1. The TAC#4 cliquesarerela-
tively small: three5-cliques,154-cliques,and513-cliques.
Eliminating dominatedstrategiespruneslittle in this case,
andwe have beenunsuccesfulin getting GAMBIT to solve
any k-cliquegamesin the4-playergamefor k > 2. How-
ever, applying replicatordynamicsproducessamplesym-
metricsubgameequilibria,including11 mixturetriplesthat
constitutecandidateswith respectto thefull game.

6Pruningis strictly justi�ed only undertheassumptionthatwe
have identi�ed all symmetricequilibria of the clique subgames.
TheLemke-Howsonalgorithmdoesnotguaranteethis,but in every
casefor whichwewereableto checkusingmoreexhaustivemeth-
odsavailablein GAMBIT, in factall suchequilibriawerefound.
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Finally, given data in both the 2-player and 4-player
games,we canperformsomecomparisonsalong the lines
of our GAMUT experimentsdescribedabove. The results,
shown in Figure8, arenotasclearasthosefrom theknown-
gameexperiments,in part becausethereis no “gold stan-
dard”,asthe4-playergameis quiteincompletelyevaluated.
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Figure8: � boundsin the4-playergameachieved by play-
ing thebestmixturefrom the2-playergame,versusplaying
thatbestin the4-player. All pointsmustbesoutheastof the
diagonalby de�nition.

Discussion
Givenall this simulationandanalysis,canwe now identify
the “best” strategy to play in TAC? Surelynot, thoughwe
dohavestrongevidencefor expectingthatasizablefraction
(abouttwo-thirds)of theoriginal 35 strategieswill turn out
to beunstablewithin thisset.However, westill lackade�ni-
tive characterizationof equilibrium pro�les for the game,
and moreover even possessingone would not necessarily
giveustheanswer. Strategic stability is justoneform of evi-
dencebearingonwhatweshouldexpectotheragentstoplay.
In lieu of acategoricalrecommendation,whatwehave is an
improvedunderstandingof thestrategic landscape.Perhaps
moreimportantly, given a new strategy proposal,our anal-
ysis tells us in which strategic contexts (i.e., the relatively
stablepro�les) it needsto be evaluated. We have adopted
this heuristicin exploring thestrategy spacefor Walverine,

andwill soonlearnhow well this approachpreparedus for
the2005tournament(Wellmanetal. 2005).

More generally, we concludethathierarchicalanalysisof
reducedgamescanbe an effective tool for scalingup em-
pirical game-theoreticmethodsto symmetricenvironments
with many agents.Choiceof reductionlevel trades�delity
for tractabilityin a controlledway. Furthertheoreticalanal-
ysis andapplicationexperienceshouldlead to a fuller un-
derstandingof the tradeoff, andidentify additionalwaysto
applythereductionapproachpresentedhere.
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