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1. INTRODUCTION

Domain theory, as introduced by Scott in the 1970’s, has many connections
with logic. Such connections are usually made by extracting an appropriate
language/syntakrom a category of domains. To name a few examples, we have
Abramsky'’s “domain theory in logical form” [Abr91], Scott’s own representation
of Scott domains as information systems [Sc082], extended to other domains
by Zhang [Zha91], and Smyth'’s treatment of observable properties as open sets
[Smy83], expanded to the ideas of topological systems and locales in Vickers
[Vic89]. There has been much investigation into the use of domain logics as
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logics of types and of program correctness, mainly for imperative and functional
languages. Surprisingly, though, there has been relatively little work tying domain
theory to the semantics of logic programming [Apt90], in particular disjunctive
logic programming [LMR92]. Most of this work focuses on first-order logic.
Extensions to higher types have been made — for examgReplog [NM98] —

but domain theory has not played as much of a role here as it has for functional
programming.

In this paper we offer some potentially appropriate spaces — coherent algebraic
domains — for the semantics of disjunctive logic programs, perhaps even of
higher type, though much work would be required to substantiate this. Our idea is
that disjunctive logic programs can be seen as non-deterministic programs in the
standard sense of non-deterministic computation, and not so much as declarative
representations. For this purpose we useShg/th powerdomainonstruction
[Smy78].

In this paper we show how to represent the Smyth powerdomain of a coherent
algebraic dcpo using an elementary logic built over such a domain. This is a
clausallogic, different from the modal logic introduced by Winskel [Win83] for
the Smyth powerdomain. We obtain the logic by regarding finite sets of compact
elements of a domain disjunctively as clauses of an abstract partial logic, and
sets of clauses conjunctively as theories. We prove our representation theorem
(Theorem 3.2) using the Hofmann-Mislove theorem [HM81]. This proof makes
clear the basic Galois connection (duality) between theories in the clausal logic,
and sets of models as Scott-compact saturated sets. The main result yields a
compactness theorem for any clausal logic over a coherent algebraic domain. We
prove the usual compactness theorem in classical logic as a corollary.

Next we show that the resolution rule, appropriately generalized to clauses over
coherent algebraic dcpos, gives a complete inference procedure for the clausal
logic. We apply these results to give a fixed-point semantics for abstract disjunctive
logic programs. We then establish the agreement between this semantics and the
natural declarative semantics (i.e. the set of logical consequences).

Our research into these questions was initiated by using domain theory to
provide a model for non-monotonic reasoning in Al, as exemplified by Reiter’'s
default logic[Rei80]. We used the Smyth powerdomain, in its model-theoretic
incarnation as a domain of compact saturated sets, as a setting for a semantic
version of default reasoning call@dwer default reasoninfzR97a]. In the final
section of this paper, we provide a simple syntactic version of default logic whose
semantics is exactly the semantics of power defaults. This logicis derived naturally
from disjunctive logic programs, and its proof-theoretic semantics is essentially
that of the fixed-point semantics of disjunctive logic programs, modified to include
a so-callectonsistency check.

The paper is organized as follows. Section 2 contains preliminary definitions
from domain theory. For those readers unfamiliar with these concepts we use
the running example of Kleene’s three-valued propositional logic with strong
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negation. The representation result is the subject of Section 3. Section 4 is a study
of the resolution rule, and Section 5 treats logic programs. Finally, Section 6 gives
applications to default logic.

2. PRELIMINARIES

This section contains standard definitions from domain theory. For those readers
unfamiliar with the theory, we provide the running example of Kleene’s three-
valued propositional logic. For our compactness results we use the Hofmann-
Mislove theorem. A lemma providing the essence of the proof of this theorem can
be found in Keimel and Paseka [KP94]; see also Vickers [Vic89].

DEFINITION 2.1. A posetis a pair (D, C), whereD is a nonempty set and
C is a reflexive, antisymmetric, and transitive relation bn If D has a least
element we write this as. Whenx C y we sometimes say:“subsumeg”.

DEFINITION 2.2. A nonempty subset of a posetD is directediff for any
xz,yin X thereisaz in X withz C z andy C z.

A typical example of a directed set is a nonempty totally ordered subset (chain)
of D. Chains and directed sets provide us with an abstract notion of “approxi-
mating sequence”, where “approximation” is in the sense of learning more and
more specific information. We require approximating sequences to “converge”
to a “limit”, which is the least upper bound of the directed set or chain. This is
captured by

DEFINITION 2.3. A directed complete partial ordédcpo) is a posetD, C)
with a bottom element. and such that for any directed C D there is a least
upper bound | X € D.

ExampLE 2.1.  We begin our running example by introducing the syntax for
Kleene's three-valued logic. This is given by the following recursive specification
(whereVar is a given countable set of propositional variables)::

¢ =az(€ Var) | true | false | (¢ A ) | (¢ V ) | —¢.

Strings in this language will be called propositional formulas or just formulas.
This syntax is the same as that of standard propositional logic; the difference lies in
the semantics. The meaning of a propositional formula is specified by its behavior
onpartial truth assignmentfptas). A ptais a function : Var — {0,1, L}, with
1 understood as “truel) as “false”, andL as “undefined”. Note that we use truth
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values) and1 in truth assignments, insteadfafseandtrue. This is to keep clear
the distinction, at least temporarily, between syntax and semantics.

It is customary to describe a pta by a stringlibérals: variables or their
complements. For examplehcd represents the pta which mapandb to 1, and
c andd to 0 (with all other variables mapping to).

The set of all ptas forms a dcg®ar — {0,1, L}] by defining the order
pointwise:e C ¢ if e(x) C ¢'(z) for everyz € Var, where the truth values are
ordered by lettingl = 0 and_L £ 1 (0 and1 will thus be incomparable). We
write T for this cpo, pictured below.

1 0

DEFINITION 2.4. Let(D,C) be a poset, andi C D. Theupper closuref
A, written T A, is the set of ald € D such that forsome € A,a T d. Ais
upward closedf A =1A. Similarly for lower closure (us¢). The set of minimal
elements of a subsé&t of D is written p.X.

ExampPLE 2.2.  Atypical example of an upper-closed set is the set of satisfiers
(models) of a 3-valued propositional formula. To fix terminology, we introduce
the truth tables for the connectivesA and—, usually attributed to Kleene.

[AJ1]o] L]
[1]1]0]L]
[ofo0jo]o0]

[L]L]o]L]
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MELIES
[ 1111
[ofL1]0] L]
[ L[] L]L]
| -]
[1]0]
[0 1]
[ L] L]

These truth tables provide a method to evaluate any formula under a partial
truth assignment. Given any pta Var — T, write [¢](e) for the evaluation of
the formulag under the pta. We have, inductively,

1. [true](e) = 1; [false](e) = 0;

2. [v](e) = e(v) forv € Var;

3. [¢ A Y](e) = A([@](e), [¥](e)), whereA is obtained from the first truth
table above.

4. Similarly for the connectives andV.

Given a ptee and a formulap, we say that is a (positive) satisfier or model
of ¢ if [¢](e) = 1. In this case we also write = ¢. (Similarly, e is a negative
satisfier ofg if [¢](e) = 0.) Itis easy to show that for any formuda the set

[¢] ={elek ¢}

is upward-closed. This property is also sometimes callepéhgistencgroperty.

DErFINITION 2.5. Let(D,C) be a dcpo. Acompact (finite) elementof D is
one such that wheneverC | | L with L directed, we also have C y for some
y € L. The set of compact elements of a dépés written ask(D).

ExampLE 2.3. Inthe dcpaD = [Var — T] of ptas, an elemertis compact
if and only if it maps all but a finite number of variables_to



6 | Please write\authorrunninghead{<Author Name(s)>} in file!

DEFINITION 2.6. Analgebraic dcpds a directed complete partial order such
that every element is the directed join of the finite elements that subsume it. A
Scott domairis an algebraic dcpo in which every consistent (bounded from above)
subset has a least upper bound.

The idea of an algebraic domain is that roughly, one can obtain information
about any element by taking a suitable approximating sequence of prespecified
finite elements. A Scott domain has this property, and in a sense is like a lattice
as well.

ExAMPLE 2.4. The domainD = [Var — T]is in fact a Scott domain. Here
is a picture of a non-Scott domain:

We turn to the important notion of tH&cott topologyn a dcpo.

DEFINITION 2.7. Let(D,C) be adcpo. Asdl C D is said to beScott open
if (i) it is upward closed; and (ii) for any directed C D, we havd | L € U iff
U N L # (. The set of Scott-opens bfis denoted)2D. An open set isompact
openif it is a compact element of the latti¢@ D, C).

A Scott-open set captures, first of all, the notion ofdfirmative predicat®n
D. A predicate (set)/ is said to be affirmative if, whenever an elemerg U, it
is somehow possible to test thate U with a finite number of tests. That is, if
x=||{d € K(D) | d C z} andx € U then for somel C z, d is compact and
deU.

The collection of affirmative predicates on a set should therefore be closed
under finite intersections and arbitrary unions, and contain the empty set and the
whole space, thus formingtapological spaceBut this is not all that is captured
by the Scott topology. One can reclaim the ordesn D because: C y iff for all
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Scott-openl/, if x € U theny € U. Furthermore, an elemeatc D is compact
if and only if e is compact open.

ExAMPLE 2.5. Inthe domainD = [Var — T], a setM is compact open iff
it is the set of satisfiers of some propositional formula. The easiest way to see this
is to notice that any formula is equivalent (in the sense of having the same positive
and negative satisfiers) to a formula in disjunctive normal form (DNF). One can
get a unigue DNF by discarding disjuncts which are non-minimal; for example in
aV (a A b) one can discard the disjun@t A b), because C ab. Each remaining
disjunct then corresponds to a minimal pta in the set of satisfiers of the formula;
the upward closure of the set of minimal satisfying pta’s is a compact open set,
because it is a finite union of the compact opens determined by taking the upward
closure of each minimal pta. Conversely, in any algebraic domain, one can prove
that a setM is compact open iff it is the upward closure of a finite number of
compact elements. So if a set of elementfa@f- — T] is compact open, one can
read off a DNF formula by obtaining the minimal elements\Hf

In general, an open set in this domain can be thought of as the set of satis-
fiers of an infinite disjunction of finite conjunctions of literals (variables or their
complements.)

DEFINITION 2.8. An algebraic dcpo is said to beoherenif the intersection
of any two compact open sets is compact open.

ExaMPLE 2.6. The non-Scott domain in Example 2.4 is coherent. In fact, ev-
ery finite poset withL will be coherent algebraic. For an infinite counterexample,
let N be the domain

{CL() Q al Q } U{C,d,L},

wherec andd are incomparable elements below all ths, and L is the bottom
element. The intersectioli of ¢ with Td is open, because it is the infinite
union of the compact open sets,;. But this union is not compact open, for the
collection{ Ta; | © € w} is directed, and its union §; but U is not a subset of
any ta;.

In this paper all domains will be coherent algebraic.

DEFINITION 2.9. A Scott-open filtelis a collectionJ of Scott open subsets
of D which is closed under intersection and superset; and such that if a directed
union of opens is iy, then some open in the directed collection is alsd inA
filter is proper if it does not contain the empty set (iff it is not the lattice of all Scott
opens).
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ExaMPLE 2.7. In three-valued logic, a filter corresponds to a collection of
logical equivalence classes of finite formulas in some7setf formulas. The
formulas are represented first as DNF clauses and then as compact open sets,
together with “infinite DNF formulas” — arbitrary disjunctions of finite conjunc-
tions, represented by general Scott open sets. Scott-open filters are those for which
arbitrary Scott open sets always correspond to infinite disjunctive formulas which
are weakenings of finite formulas in the the@ry

In somewhat more detail, we can think of Scott-open filters as being determined
by logically closed theories Recall that a theor{" entails a formulap) means
that every pta satisfying (positively) every formula ifi' must also satisfyp. A
theoryT is logically closed if every formula entailed Byis in T". For a logically
closed theon let

J(T) ={U QD | (3¢ € T)([¢] € U)}-

We claim that/(T') is a Scott-open filter. Clearly it is closed under superset. Let

U D [¢] andV D [¢] be members off (T)). ThenUNV D Z = [é A ¢].
Clearly ¢ A ¢ is entailed byl" and so this formula is iff". This showsJ(T) is

closed under intersection. Lastly, we check the Scott-open property. Suppose the
directed unior J, U; is a member of/ (T"). Then for somep € T', [¢] < |, U;.
Since[¢] is compact operjg] C U; for somei. This provedJ; € J(T') for some

1.

We use the notion of Scott-open filter to help relate the logical notion of com-
pactness to the topological notion. The logical notion is often taken to be that if a
formula is a consequence of a collectidrof formulas, then it is a consequence
of a finite subcollectiorF of T'. The following gives the topological notion:

DEFINITION 2.10. A subsetC' of a dcpoD is said to becompactif the
collection{U € QD | C C U} is a Scott-open filter.

Itis an easy exercise to show that (working in the Scott topology) this definition
is equivalent to the standard topological definition: every open coverin@ of
has a finite subcovering. We will show in the next section how to connect this
topological definition to the logical one.

We need one more technical definition, which we use below to characterize the
possible sets which can be the set of models of a theory:

DerFINITION 2.11. A subsetS of a dcpo is said to beaturatedff it is the
intersection of all Scott-open sets which contain it. (This is equivalent to its being
upward-closed.)
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Finally, we recall some definitions relevant to the Smyth powerdomain of an
algebraic dcpo. The original idea of powerdomains was to lift the underlying order
in a domain to the powerset level, thus providing a domain-theoretic semantics for
non-determinism. There are several natural ways to do this, depending on how
we relate order in sets of domain elements to the underlying order of the domain.
For us, the appropriate tool is the Smyth preorder, defined below. This preorder
is defined on finite sets of compact elements of the underlying domain, and then
extended to a partial order using the techniqu&eél completion The relevant
definitions are as follows.

DEFINITION 2.12. Let (P, <) be a preordered set (i.ex is reflexive and
transitive). Anideal of P is a subset/ of P which is downward closed and
directed (these notions make sense for the preottjerAn ideal isproperiff it is
not equal toD. The (proper)ideal completiorof a preordered sefP, <) is the
set of all (proper) ideals oP, ordered by inclusion.

DEFINITION 2.13. The Smyth preordepn a collection of subsets of a dcpo
(D,C) is defined by settingd C* Y iff for every elemeny € Y there is an
elementr € X withx C y.

DEFINITION 2.14. Let(D,C)be analgebraic dcpo. THemyth powerdomain
P¥(D) is defined to be the proper ideal completion of the collectip(iK (D)) of
finite sets of compact elements/of under the Smyth preorder.

This definition of the Smyth powerdomain usually proves to be cumbersome,
which is why we do not provide examples. One way to simplify matters is given
by the following result. For a proof see [AJ94].

THEOREM 2.15. The Smyth powerdomalf (D) of an algebraic dcpdD, C)
is isomorphic to the domain consisting of all nonempty Scott-compact saturated
subsets ofD, ordered by reverse set inclusion. The compact elements of the
powerdomain are the nonempty compact open subséis of

Our representation result, which works in any coherent algebraic e
that the Smyth powerdomain @f can be viewed as the set of all logically closed
consistent theories oved, where a “formula” inD is just a set of compact
elements, and a theory is a set of formulas. The relevant ordering on logically
closed theories is just set inclusion. In fact, logically closed consistent theories are
nothing more or less than proper ideals using the Smyth preorder (cf. Proposition
3.5)
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3. THEORIES

The following definition contains ideas essential for the rest of the paper.

DerNiTION 3.1. LetD be a coherent algebraic dcpo (with) and letK(D)
be the set of compact elements/af We define &lauseto be a finite subset of
K(D). A theory is a set of clauses. Far € D, and a clauseX, we say that
w = X ifthereis ac € X with ¢ C w. For atheoryl’ we say thatv is a model of
T,and writew =T, ifw = X forall X € T. We say that” = X if for all w, if
w | Tthenw = X. (If Tis asingleton set, sayZ }, then we just writeZ |= X.)
A theoryT is closedif forall X, T = X = X € T. A theory isconsistentf it
does not entaillE) the empty clause. Equivalently, there is@uch thatw = T

We allow a theory to contain no clauses. Everyvill satisfy this theory; it is
in fact logically equivalent to the theory consisting of one clajisé.

ExampPLE 3.1.  For three-valued logic, we adopt an abstract syntax where
a disjunction of a conjunction of literals is simply represented as an abstract
clause obtained by taking a conjunction of literals to be the corresponding pta
and the disjunction of these conjuncts to be a set of these ptas. For example,
(aV (a A=b)V (bA—c)) translates domain-theoretically fa, ab, bc}. With this
translation, the other parts of the above definition should be very familiar.

Theories over adomaibP are another way of talking about the ideal completion
of D under the Smyth preorder. The essential connection is that a ctaastails
aclausé if and only if Y C* X in the Smyth preorder. With all of this in mind,
we can state our main representation theorem.

THEOREM 3.2. Let D be a coherent algebraic dcpo. The collection of all
nonempty Scott-compact saturated subsefd,afrdered by reverse inclusion, is
isomorphic to the set of all consistent closed theories & erdered by inclusion.

To prove this theorem, we provide an order-isomorphism between the collection
of theories and the collection of compact saturated sets. We can then use Theorem
2.15 to connect compact saturated sets to the original definition of the Smyth
powerdomain as an ideal completion, or we can use Proposition 3.5 to see this
directly. For the proof we need the Hofmann-Mislove theorem [HM81]. Refer
to the definitions of Scott-open filters (Definition 2.9) and compact saturated sets
(Definitions 2.10, 2.11.)

LemMma 3.1 (Hofmann-Mislove). Let D be an algebraic dcpo. There is a
1-1 order-preserving correspondence between the collection of (proper) Scott-
open filters ovelD, ordered by inclusion, and the (nonempty) compact saturated
subsets ofD, ordered by reverse inclusion. This is given by the map sending
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a filter F' to (. U; the inverse map sends the compact saturatediSeo
{UeQD|K CU}.

Proof (Proof of Theorem 3.2.). We show that there is an order isomorphism
between the closed theories and the compact saturated setfS.oWwe start with
traditional maps in logic.

DEFINITION 3.3. Let K be compact saturated. Defiféh(K) to be the set
{X | (vm € K)(m = X)}. For any theoryT let [T] denote the set of models of
T.

These maps are inverses of each other, provided their domains are appropriate:

Lemma 3.2. If Tis logically closed, theTh([T]) = T.

Proof. ClearlyT C Th([T]). For the converse, we need to show that X
whenevetX € Th([T]). Butifm |= T'thenm € [T]. Thusm = X by definition

of Th. |
LeMmMA 3.3. If K is compact saturated, thdl'h(K)] = K.

Proof. Clearly K C [Th(K)]. For the converse, letr € [Th(K)].
Thenm €1 X forall 1 X D K. We claim thatw € U for all Scott-
openU DO K. The reason is thal/ is the union of all Td for d a minimal
element ofU, so this collection forms an open cover &f. By compact-
ness there is a finite subcover; 16tX be the union of this finite subcover.

Thenm € 1X and som € U. The conclusion follows sinc# is saturated.]

Itis easy to check thath(K) is logically closed for anys. Also, [-] is clearly
order-reversing. Therefore, to prove Theorem 3.2, it suffices to prove that for any
(consistent) theory", the set[T7] is (nonempty) compact saturated. We do this
by factoring the mayj-] through the collection of (proper) Scott-open filters, and
then applying the Hofmann-Mislove theorem. For a logically closed th&dst

J(T) = {U | BX e T)(1X C U)}.

We claim that in a coherent algebraic domain, this collection is a Scott-open
filter. The proof mirrors the reasoning in Example 2.7. We need to check closure
under superset and intersection, together with the Scott-open property. The first
and third of these checks follow exactly as in Example 2.7. For closure under
intersection, let/ O 1X andV D 1Y be members of (T'), with X, Y € T. Then
UNV D Z =17XnNn 1Y. SinceD is coherent,Z is compact open and the set
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17 of minimal elements o¥ is a clause entailed by (a satisfier ofX andY
must be inZ, so above some minimal elementdj. ThereforeuZ € T and so
UNV e J(T). This showsJ(T) is closed under intersection, and establishes our
claim.

But we have thaf) J(T') = [T]. To see this, letv € [T], andU be such that
1X C U forsomeX € T. Thenw € 1X C U. Conversely, letv € (| F. Take
an arbitraryX € T. Then1X isa setU 21X, sow €1X. Thusw | X for
all X € T and sow € [T]. We conclude thafT’] is compact saturated, by the
Hofmann-Mislove theorem. This completes the proof of our representation re-

sult. |

Remark 3. 1. The assumption of coherence is necessary in this theorem. To
see this, consider the domah constructed in Example 2.6:

{ap Jay J...} U{c,d, L}.

The compact saturated sets in this domain are exactly the upper closures of all
these finite elements, together with the upward closurfcof}. However, the
conjunctionof the two clauseqc} and {d} is not represented as a compact
saturated set, though it makes perfect sense as a theory. It is easy to draw the
Hasse diagrams of both the set of compact saturated sets and the set of theories,
to see that these two domains are not isomorphic.

CoroLLARY 3.4 (Compactness). A clause is a logical consequence of a
theoryT iff it is a logical consequence of a finite subseflof

Proof. We claim that the compact elements of the space of theories are exactly
the logical closures of finite theories. To see this, we recall that the compact
elements of the domain of compact saturated sets are indeed the compact open
subsets in the Scott topology of that domain (Theorem 2.15). By the proof of
Theorem 3.2 we have that

[T =({U|(3X eT)(1X CU)}.

If T is finite then[T] = [T'] is compact open, by the above equation. (HEie
the closure ofl" under logical consequence.) Converselykifis compact open
thenK is [T] = [T] for some finiteT', namely{u K}, whereu K is the set of
minimal elements ofs. Thus the order-isomorphisfi] restricts to the closures
of finite theories and the compact opens. This establishes our claim.

Now suppose that the theofy = X. The collection of closures of finite
subcollections off" is a directed set of compact elements of the space of the-
ories. and its least upper bound is the closurd’of Since the closure ok
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is contained in the closure df, and is itself a compact element, this means
that X is in the closure of one of the finite subcollectionsigfas desired.|

Remark 3. 2. One can avoid the use of Theorem 2.15 in the foregoing proof
by making the space of Scott-open filters ofeinto a dcpoSOF (D) under the
inclusion ordering. Then it is easy to check that the finite element&df' (D)
are the principal filters generated by compact open subsébs afid by showing
that the map\T..J(T') is an isomorphism sending the logical closure of a finite
theory to the principal filter generated by the intersection of the compact opens
corresponding to each clause in the finite theory.

We use Corollary 3.4 to characterize theories as ideals inth@reorder.

ProposiTION 3.5. A theory overD is logically closed iff it is an ideal.

Proof. Supposel is a logically closed theory. We show thAtis an ideal.
The downwards closednessBffollows directly from logical closure. We claim
thatT is directed. For a finite subcollectian of T', put

Z:=({1X|XeF}

By coherenceuZ, the set of minimal elements df, is a clause; moreover,
T & uZ. By logical closureuZ is a member off’, and it is clearly an upper
bound forF'.

Conversely, letl be an ideal. Ifl = X, then by Corollary 3.4, there is
a finite subcollectionF’ = {X;,...,X,} of I such thatF = X. By di-
rectedness of, there is a¥ € I with X;,...,X,, Cf Y. It follows that

Y = X,orX C* Y. ButY € I and soX € I by downward closure of. |

ExaMPLE 3.2.  We close this section by applying Corollary 3.4 to give a
proof of the compactness theorem in classical propositional logic. Clearly it gives
a compactness result for Kleene’s 3-valued propositional logic already. For the
classical result, just notice that a thedfyentails a clauseX classically if and
only if T together with{ (v V —w) | v € Var} entailsX in Kleene’s logic.

4. ARESOLUTION RULE

We now investigate a rule of inference for logical entailment in the space of
theories ovelD. Some notation will be useful.

DEFINITION 4.1. Let{as,...,a,}beafinitesubset®fD. Bymub{a,...,a,}
we mean the set of minimal elementséfi; } N ...N T{an}.
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The seimub{ay, ..., a,} isin fact the set of minimal upper bounds of all of the
a;S. Itis afinite set of compact elements, by the definition of algebraic coherence.

ExamPLE 4.1. Refer to Example 2.4. We haveub{a,b} = {c,d}.

DEeFINITION 4.2. Let {Xi,...,X,} be a clause set. Thelausal hyper-
resolution rulgHR) is the following, wher&” is a clause:

X1 Xo Xy g €X; forl <i<n; mub{ay,...,an} EY
Y UUj<icn (X \ {ai})

This rule applies to a clausal theory whene¥@r, . .., X,, are clauses of the
theory, and we can find; € X; satisfying the conditiomub{a,...,a,} EF Y .
We allow the sefaq, . . ., a, } to be inconsistent. Inthis caseub{as,...,a,} =
) = 0, so that we get the usual notion of resolution (generalized to partial logic).
We need to adjoin two special rules to (HR) in order to get a complete proof
system. First, we notice that when one of the clausess empty, then the rule
(HR) does not apply. However, classical logic allows the inference of any clause
from the empty clause. So we need to adjoin to (HR) a special rule which allows
the inference of any clause from a finite set of clauses, one of which is empty.
Second, we need a “getting-started” rule allowing the inference of the clduse
from no assumptions. We summarize the two special rules:

X, Xo 00X,
Y

(EC) and (GS)—

{1}

The rule (HR) is sound. By this, we mean thatrife D satisfies each of
X1,...,Xn, then for any choice ofay, ..., a,} andY fulfilling the antecedent,
x will satisfy the consequent. This is clear considering the two cases feither
a; C z for all 4, in which caser is above some minimal upper bound of theand
therefore satisfie®, or somes; does not subsume in which caser = X;\ {a;}.
Write X4,..., X, H* X if X can be derived fronX, ..., X,, using the rule
(HR) or the special inference rules (EC) and (GS). More generally, for a tiféory
write T H* X if Xq,..., X, F* X forsomeX;,..., X,, € T. Our first objective
is to show that if{ X1,..., X,,} E X, thenXy,..., X,, H* X. We use this to
prove the Completeness TheoremT'if= X thenT F* X.

LEmMMA 4.1 (Weakening). If E is a nonempty clause anf = X then
EFH*X.

Proof. First note that ifE = X and f € E \ X then there isn € X
with f C m, soE F (E — f) U {m}. Iterating this process removes all
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elements ofF' \ X so thatt' +* D for someD C X. Without loss of gen-
erality D # 0, since otherwiseéD - X by the special inference rule. If now

thereisac € X \ D thenchoosed € D. ThenD + (D —d) U {d,c}. |

LEMMA 4.2. Let P and@ be nonempty clauses, and Bt< @ be the clause
consisting of the union of all the setaib{p, ¢}, wherep € P andq € Q. Then
PQ+H PxQ.

Proof. LetP = {p1,...,pm}and@ = {q,-..,q.}. We seek away to prove
the clauseP <1 Q. We do this using a combinatorial argument. 86t i < m—1
and0 < j <n —1let X(i,5) be the clause

{ph7pzaQ1»,QJ}UU{mUb{pk»(Il}|m2k>17n21>3}

and in addition lefX (m,0) = P andX (0,n) = Q. LetS be the set of pair§, j)
such thatX (¢, j) is in the resolution closure dfP, Q}. Then it is easy to check
that

(m—-1,n-1) €S,
(t+1,5)and(i,j+1) € S = (i,j) € S;
(m—1,j+1)eS=(m-1,j) €5,
(i+1,n—1)eS=(i,n—1)€S.

It follows by downward induction on+ j that(0,0) € S, or thatP i @ is in the
resolution closure of P, @}, as we wanted.]

Remark 4. 1. Notice thatP < @ is a clause which is logically equivalent to
the theory{ P, Q} — they have the same set of models. Up to logical equivalence,
therefore, i is associative. In view of the next corollary, this says that binary
resolution — resolving on at most two clauses in the antecedent — is sufficient
for deriving logical consequences.

CoROLLARY 4.3 (Completeness Theorem).If T' = X thenT +* X.

Proof. Suppose thal’ = X. By the compactness theorem (Corollary 3.4),
there are finitely many clauseés,, ..., X,, such tha{ X,,..., X,,} E X. First
assume these clauses are consistent. By Lemma 4.2 and induction,

Xiyoo Xn F*E =Xy .4 Xon.

Notice thatZ is logically equivalent to the conjunction dfq, ..., X,,. ThusX
must be a logical consequencefofso that by Lemma 4.5 +* X.
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If the collection{ X1, ..., X, } is inconsistent, then choose a minimal subcol-
lection of nonempty clauses which is inconsistent. Then by induction the empty
clause is derivable from this subcollection, and then by the rule (EC), any clause

will then be derivable. |

5. CLAUSAL LOGIC PROGRAMMING IN COHERENT DOMAINS

As proved in the previous section, the hyper-resolution rule is complete for
deriving the logical consequences of a consistent theory over the Smyth powerdo-
main. Our first goal is to state a similar rule for deriving logical consequences of
a disjunctive logic program over a coherent algebraic domaitWe begin with
this latter definition.

DEeFINITION 5.1. Adisjunctive logic progranever D is a setP of rules of the
form6d «— 7, wheref, T are clauses oveD.

The idea of this definition is that a rule «— 7 adds a clausé to a theory
wheneverr is entailed by the theory.

ExaMPLE 5.1. A standard form of a disjunctive propositional logic program
is a collection of rules of the form

bi,...bp — a1,...,ay

where the:'s andb’s are propositional literals. The set@$ is taken conjunctively
and the set ob’s is taken disjunctively. A particular example might be

b,mq, T — 8,7p.

In our formulation this corresponds to the rule

{p, g7} — {sp}.

Here we are referring to our running example of three-valued logic. The left
side of such standard rules will always translate to a domain-theoretic rule with
a singleton clause in its “body”; more generally, we allow disjunctive clauses as
both body and head.

DEFINITION 5.2. Let P be a disjunctive logic program ovep. An element
e € D is said to be a model aP if for every ruled — 7 in P, if e |= 7, then
e = 0. AclauseY is a logical consequence &f if every model of° satisfiesy’.
We write P for the set of all clauses which are logical consequenceB.of
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ExaMPLE 5.2.  In the previous examplepr is a model of the progran®
consisting of just the one given rule. However, the only logical consequenégs of
will be clauses containing the null pta This is because itself is a model ofP —
it does not satisff sp}. This brings out an important difference between 3-valued
and 2-valued (classical) logic programs. IEbe the program < p. In classical
terms, this is equivalent ipv —p, and so has this formula as a consequence. Butas
in the case of the prograim, the progran has only trivial logical consequences.
To obtain the classical case, adjoinRall rules of the form

{v, 0} —{L}

for v a propositional variable. This forces any model of the augmented pragtam
to be a total truth assignment. $@ p} will now in fact be a logical consequence
of R'.

We will introduce an operatdfr on the space of logically closed theories over
D which will provide the fixpoint semantics of the progrdmand then show that
the least fixpoint oflp gives us the set of logical consequence#’ofin order to
defineTr we formulate the hyper-resolution rule HRY determined byP:

X1 Xo Xy, ae€X;for1<i<n; —7€P; mub{a; |1<i<n}ET
60U U1§i§n(Xi \ {a:}) .

We say that U, -, ,,(X; \ {a;}) is an HRP)-consequence dfX1,..., X, };
further, we say that” is a HR(P)-consequence of a theo#y if it is an HR(P)-
consequence of sordeXy,..., X, } CT.

In the next definition, we writeC'n(T) for the closure of the theory’ under
the clausal inference rule. By the completeness theorem, this coincides with the
logical closure off".

DEFINITION 5.3. LetT be a logically closed theory ovep, and letP be a
program. We define

Tp(T) = Cn{Y | Y is an HR(P)-consequence Bf.

The intent of using the operatdis is as follows. We are interested in those
clauses derivable from the clau§é } using a finite sequence of applications of
the rule HRP), interleaved with applications of the clausal inference rule. This
set of clauses will be what we get by iterating fhie operator some finite number
of times. Technically]'»(T') is the entire set of logical consequencés of one
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application of the HRP). This makes the computation of clauses generated by
iterating theT» operator technically problematic. It is easy to see, though, that
any clause derivable by iterating the operator will in fact be derivable (because of
compactness) in the interleaved fashion we have suggested.

The operatofl’» maps logically closed theories to logically closed theories; it
may be thatl'’»(T) is inconsistent, and so not an official element of the Smyth
powerdomain ofD. We do have, however, the following result:

ProposITION 5.4. Tp is a continuous function on the space of logically
closed theories.

Proof. Let A be a directed set of theories. We have to show that

Tr(J2) = [ Te(T).

TeA

Since Tp is clearly monotone, the inclusion of right in left is obvious. To

go from left to right, suppose th& is a logical consequence of the set of
HR-consequences ¢ffA. Then by compactness; is a logical consequence

of a finite number of these HR-consequences. This means that inZfast

a logical consequence of the set of HR-consequences of some finite humber
X1,...,X,, of clauses of JA. and therefore of some particular € A, since

A is directed. This shows that is a member of the right hand side as wejl.

By the Scott—Knastgr-KIeene—Tarski theoréfp, has a least fixpoirfixTp. We
are going to show tha? = fixT'p. Several lemmas will prepare the way. The first
two lemmas are from [RZ97].

LeEmMA 5.1. In a coherent algebraic domaif, every compact saturated set
is the upward closure of the set of its minimal elements.

Proof. This is a generalization of the proof in [RZ97] from Scott domains to
coherent algebraic domains.

Let N be compact saturated. Sindeis saturated)V is the intersection of all
Scott openg) such thatD O N. However, each Scott open set can be expressed
as an (infinite) union of compact open sets. Sidtes compact, we know thay
is in fact the intersection of all compact Scott opénsuch thaD O N.

For any element € N, we want to show that there exists a minimal element
y € N such thate J y. Fix an arbitrary element € N, and consider a chaiff
in Jx N N. We claim that the set of all compact lower bound€ois nonempty
and directed. Indeed, let andn be compact lower bounds fér. There are a
finite number of minimal upper bounds fot andn. Let b, be such a minimal
upper bound. Consider the étof elements of” aboveb; . If this is not all ofC,
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then there are elements 6fbelow everything inC'y, and not abové;, but some
of these must be above some other minimal upper béenHix such &, and let
the set of elements @ aboveb, but notb, beCs. If C; U Cy is not all of C then
we repeat this argument. The argument terminates because there are only finitely
many minimal upper bounds ef andn, so that all ofC’ must be above some
minimal upper bound of m andn, whenceb is the required element needed for
directedness.

>Fromthe claimitfollowsthatic = | [{m | m is a compact lower bound @f}
exists inD. Clearlymc is a lower bound of”, for eache in C'is the least upper
bound of all compact elements subsuming it. We showhatis a member of
lz N N, as well. LetO be any compact open set containiNg Clearly,C' C O.
SinceO is compactuO is a finite set, and) = 0. Using the argument of the
previous paragraph, we have that there exists seraeuO such thatC C Ta,
and hencenc € 1a (becauser is a compact lower bound @), which implies
me € O. Thereforem is a member of every compact open set contairding
and so is inV by saturation.

To summarize, we have shown that for any elemeat NV, the nonempty set
2NN has the property that every chaininit has alower bound. By Zorn’s lengma,
2NN has aminimal element, say, Such a;is aminimal element aV subsuming

LeEMmMaA 5.2 (Interpolation Theorem). Let £ be a compact saturated set
over a coherent algebraic dcpg be a minimal element d&f, andd be a compact
element subsuming For any compact open séf such that’ O F, there exists
a compact open sdt, such that

1KDLDE,
2.the minimal elemeritof L subsumingy is unique, and
3dC .

Proof. Once again the proof of this result in [RZ97] is for Scott domains, The
following argument generalizes our previous proof and corrects a minor error in
it.

Choose a minimal elemert of K subsumingg. Let! be a minimal upper
bound ofd and f, suchthal C g. LetR = {x € KNK(D) | « £ ¢g}. Consider
the collectionC of all 1z for z € R together with7l. We claim that this is an open
cover of E. In proof, lete € E. Without loss of generality; does not subsume
Hence by algebraicity there is a compact elemeat D such that: C e butn does
not subsume. Sincee € F, then there is & € uK with b C e. By coherence,
there must be a minimal upper bound of b andn in K N K(D), so thatm
subsumesbut notg. ThusC'is an open cover df. By compactnessg, has afinite

subcover forE. The union of the sets of this subcover has the desired propejties.
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LEMMA 5.3. Letm be a minimal model dixT». Thenm is a model ofP.

Proof. Letm be a minimal model ofixT». We must show that: is a model
of P. Letf — 7 be a rule ofP with m = 7. SincefixTp is a logically closed
theory, we know from Theorem 3.2 that the set of all modefs@fr is a compact
saturated set, which we choose /dasn Lemma 5.2. In the same lemma, take
K =11, ¢ = m, and taked to be an element of with d C m. Consider the
clausen L consisting of the minimal elements of the compact open’set the
conclusion of the lemma. TheixTr = L, becausdfixTp] is a subset of..
SincefixTp is logically closed, we havgL € fixT'». Now consider the following
(unary) instance of the hyper-resolution rule:

pwL; lepl; 0—717€P {l}ET
0uU L\ {l})

wherel is the unique generator éfsubsumingn. The clausé U (uL\ {i})isin
Tp(fixTp) and soisixTp. Thereforen = 6U(uL\{l}). Butlisthe only element

of L subsumingn, so it must be thatn = 6. ||

LEmMMA 5.4. Tp(P) C P.

Proof. IfY € Tp(P),thenY isalogical consequence of the HR-consequences
of P. We want to show that every model Bfsatisfies”. Lete be a model of. It
is enough to show thatsatisfies each clause of of the fofral J, ., -, (X; \ {a;}),
whereX; € P, «— 7 € P, a; € X;, andmub{a; | 1 <i < n} | 7, because
Y is a logical consequence of these clauses. Since each of tlege in P,
e | X, by definition. Ife = 7 thene = 6 becausee is a model of P,
so we are done. So suppose that it is not the casecthatr. Then, because
mub{a; | 1 <i < n} | 7, there must be some so that that;; does not subsume

e. Sincee = X;, it must be the case that= X, \ {a;}, and we are again donqd.

THEOREM 5.5. P = fixTp.

Proof. The inclusionfixI’> C P follows from Lemma 5.4 by mathematical
induction and the familiar formula for the least fixed pointiof.

For the other direction, we prove thatf € P, thenfixT» = X. (This implies
that X € fixTp sincefixTp is logically closed.) It is sufficient, by Lemma 5.1
and Theorem 3.2, to show that any minimal element of the compact saturated set
[fixTp] (i-e., a minimal model ofixTp) is a model ofX. So letm € D be a min-
imal model offixT’». By Lemma 5.3yn is a model ofP, som = X becauseX €
P. 1
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6. NON-MONOTONIC REASONING

In defining the concept of logical consequence of a program, we treated rules
of the form# «— 7 asmaterial implications Such material implications cannot
be translated into clauses, because they do not have the persistence property — the
set of models of a program need not be upward closed. This “non-monotonicity”
is the essence of Zhang-Rourmswver default reasoninfzR97a]. Consider, for
example, the following program, expressing that birds fly, penguins are birds, but
penguins do not fly:

{b} — {p}
{f} = ok
{r < {ph

This program is in the shorthand for the logic of partial truth assignments, as
in Section 2. The partial assignmeiftis a model of the program, but the more
specific bpf is not. Moreover, in nhonmonotonic reasoning, we would like the
clause{bf} to be a non-monotonic consequence of the clafise(i.e., birds
normally fly).

In this section we introduce a non-monotonic version offpeperator, called
the extensionoperator, owing its first incarnation to Reiter [Rei80]. This will
allow us to define the concept of non-monotonic consequence, and in addition,
will handle problems with inconsistent programs such as the two-rule program

{p} —{L} {p} < {L}.

We give both a syntactic and a semantic version of the operator. The semantic
version, restricted to Scott domains, appeared (in a different guise) in [RZ97] and
[ZR97a]; the syntactic version is new.

We now think of a logic program as a set @éfault rules One starts with
a logically closed theory as “given information”, applies a version of the hyper-
resolution rule modified to check for consistency of rule application, and thereby
derives possibly several logically closed theories cadietnsionf the given
theory. A clause is a non-monotonic consequence of the given theory iff it is in
all extensions of the theory.

To begin, consider anaryversion of the hyper-resolution rule

X; a€euX; O—71€P; afET

oU (X \{a})

We define the associated unary program-resolution opetgtoon theories as
follows:

Up(T)=Cn{(0U (X \{a}))| X€T,0 —7€P,acuX,anda |=7}.
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By the proof of Lemma 5.3/ has the same least fixed pointEs, namelyP.
Note that in particular we can choose the elemetd be minimal in the clause
X. We focus on this version of the unary rule for the rest of the section.

ExaMPLE 6.1. LetT be the theory in 3-valued logic generated by the clause
p V q (officially, the clause{p, ¢}). Consider the program given by the two rules
r «— pandr « q. ThenUp(T) contains the clausesV r andq \ r, andU%(T)
contains the clause

DEFINITION 6.1. Say that a claus@” is consistentwith a theoryE if they
have a model in common. Writé: FE in this case.

In the next definition we limit the set of consequences of the unary rule to those
which happen to be consistent with a thedry

DEFINITION 6.2. Fix a program P and letWW and E be logically closed
theories. A clause of the forthU (X \ {a}) is said to be anE-consistent
consequencef W ifthereisaruled — r € PwithX € W,a € X,a = 7, and
U (X \{a})): E.

DEFINITION 6.3 (Syntactic extensions). Let T" and FE be logically closed
theories. Defin@ (T, F) to be the smallest logically closed thed#y such that
(i) T € W and (ii) every E-consistent consequence 1df is in W. If E is a
consistent theory, anOp (T, E) = E, we say that is a (syntactic) extensionf
T.

ExaMPLE 6.2. LetT be the theory generated By, ¢} (the official version
of pV q) and consider the programof the previous example. K is generated by
{pr,qr}thenl'p(T, E) = E. In classical notationZ is generated by the formula
p A (¢ Vr). The claus€r} is a logical consequence of the clayse, ¢r}, and
soisinE. Itis a nonmonotonic consequence{of ¢}.

We are going to tie this notion of an extension to the semantic version of
extensions found in [ZR97a] and in [RZ97]. We first translate default (aka logic)
programs to the compact saturated setting, obtaining a semantic version of the
notion of E-consistent consequence.

DEFINITION 6.4. Let P be a program,L, N be compact saturated, and
compact open. A compact open set of the farfnd U (uK — {a})) is an N-
consistent semantic consequencé. dafthereisaruled «— 7 € Pwith K O L,
a€pK,al7,and T(ub U (uK —{a})) NN # 0.
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DEFINITION 6.5 (Semantic extensions.). Fix a programP, and letM and
N be compact saturated. The sgi(M, N) is the largest compact saturated set
L (i) contained inM, and (ii) such that everyV-consistent semantic consequence
of L containsL. We say that the nonempty c.s)é.is asemantic extensioof M
if np(M,N) = N.

We can compare these two notions of extension easily, using duality:

THEOREM 6.6. Fix a programP. Then for any logically closed theorigs
andE, we have thal is a syntactic extension @fif and only if[E] is a semantic
extension of 7], with respect taP.

Proof. We simply show thafT'p (7, E)] = ne([T],[E]). First we prove
that[T'p (T, E)] < ne([T], [E]) by showing that ()[T»(T, E)] C [T], and
(i) [Tp(T, E)] is closed undef E]-consistent semantic consequence. Part (i)
follows from duality sincel'r(T,E) D T. For part (i), let K be compact
open,K 2 [I'p(T,E)], a € pK, andd — 7 be a rule ofP with a = 7
and T (uf U (uK — {a})) N [E] # 0. Take the clauseX to be uK. Then
(0U(X\{a})) : EFandsoitisilp(T, E). Thus 10U (X \{a}) 2 [T'p(T, E)],
as we wanted.

Conversely, we can show that.(np([T], [E])) is a theory (i) containing’,
and (ii) closed undeF-consistent syntactic consequence. This is sufficient to

be able to apply duality, and to finish the proof. The details are straightforviard.

The definition of extensions in [RZ97] is slightly different from that presented
above. The rest of this section is devoted to showing how the definitions are related.
A convenient way to do this is to present the general definition of extensions in a
Scott domain. This definition applies to our case, because the Smyth powerdomain
of a coherent algebraic dcpo is indeed a Scott domain. We start with a general
presentation of defaults. In the following definition we intend to speciadize
be the Smyth powerdomain of a coherent algebraic depo

DEFINITION 6.7. Let(A,C) be a Scott domain. A default set is a subsedf
KA x KA. We call a pair(a,b) € A a (normal) default.

The motivation for this definition is from Reiter’s default logic, where the Scott
domain in question is the collection of logically closed classical propositional
theories, and whereandb are propositional theories generated by single formulas.
A pair (a, b) is thought of as a normal default rule

a:b

b
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in Reiter’s notation, with the intuitive meaning thatifis a formula in a theory,
andb is consistent with a (guessed) theory, thaés in the theory too.

Our notions of syntactic and semantic defaults can be presented using the
definition of default set. Here we take the Scott dom4ito be either the space
of consistent theories ovep, or the (isomorphic) space of honempty compact
saturated sets ovér. Fix a programP. Then the syntactic default set determined
by P is the set

{(Cn(X),Cn(Y)) | forsome(d — 7)€ P,
al=T1,anda € X, we haveY =0 U (X \ {a})}.

Similarly, P determines the semantic default set

{(K,L) | K € KQD and for soméf — 7) € P,
a =7,anda € pK, we havel =T(pf U (uK \ {a}))}.

These two default sets are isomorphic under duality.

ExampPLE 6.3. Thereis a big difference between defaults in the standard sense
of default logic, and our clausal syntactic defaults, which are normal defaults in
the domain of clausal theories, generated by the resolution rule. Consider, for
example, the defaults generated by the prograrwith two rulesr «— p and
r «— ¢. Using standard default logic, this would be translated to the two default
rules

Pl and ", Q)
T r

Butusing the unary resolution operatds, we put({p, ¢}, {r, ¢}) and({p, ¢}, {p, r})
into the syntactic default set, among (infinitely) many other such pairs. In Reiter’s

notation, we would generate the clausal defaults

(pva):(rvae) (pVa:(Vr)

rvao) V) @)

It is this behavior which enables us do do default “reasoning by cases”. In the
present example, notice that if we start with the cla{isg;}, representing the
formulap V g, the rules in (1) do not apply. However, the rules in (2) do apply,
allowing the adjunction of the formulasv ¢ andp v r. The formular is a logical
consequence of these two formulas together withg, so that we may infer

as a “nonmonotonic consequenceo¥ ¢g. Notice, though, that there is nothing
non-monotonic about this situation.Ifis a given theory, ané is a program, we
may consider the subdomairf” of the domain of theories, and compute the least
fixpoint of Tp, or equivalentlyUp, with respect to this domain. The result will
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be the set of consequencesidfwith respect to the starting theoy. The rules
exemplified by (1) are thus not really the right rules with which to do deductions
starting with disjunctive information. We should be using clausal inference rules
instead. (See below for more on the property of reasoning by cases — Theorem
6.12.)

The notion of default set enables the definition of a general extension operator
in a Scott domain. Againd is intended to be the Smyth powerdomain of an
underlying domainD. Here AT is the Scott domaind augmented with an
“inconsistent” top element. Also, by : y we mean that andy have an upper
bound inA.

DEFINITION 6.8. The functiort(z, e) is the least element of AT such that
() z C y; and (i) for any default(a,b) € A, if a C y andb : e, thenb C y. We
paraphrase (ii) by saying that is closed undee-consistent default application.
We calle € A anextensiorofz € P if £(x,e) = e.

It should be clear that the abstrgabperator specializes to the syntadtiand
the semantic extension operatpusing the domain of theories and the domain of
compact saturated sets respectively.

We still need to consider the form of defaults used in [RZ97]. This is presented
using the notion of anpdate

DEFINITION 6.9. Let K be a compact open subset of he coherent algebraic
dcpoD. If 8 is a clause, and € K, we say that
Kla —anf]=Kn T(p0U (K — {a})).
is anupdateof K. This update is said to be based on aréle- T of Pif a |= 7
anda € pK.

This definition says that an update of the &ebf models of a clause consists
of intersectingK’ with the set of models of a succedent of (the unary version of)
the hyper-resolution rule.

As above, we can form a default set based on updates:

{(K,L) | K € KQD and[L is an update of{ based on arul¢ — 7 in P}.

The update default set gives rise to the same semantic extensions as does the
semantic default set determined By This is a consequence of an observation
about general default sets in a Scott domain, found in [ZR97b, Proposition 2.3]:

ProrosITION 6.10. LetA be a default set in a Scott domain. Form the set

A" ={(a,alUd) | (a,b) € ANa:b}.



26 | Please write\authorrunninghead{<Author Name(s)>} in file!

Thene is an extension of with respect taA iff it is an extension of with respect
to A'.

This result shows that using updates gives us the same notion of extension as
we get from our original definition of a semantic extension, because in the domain
of compact saturated sefs,N L is the least upper bound of the consistent compact
open setd and L.

The definitions in this section allow us to generalize two theorems in [RZ97]
from Scott domains to coherent algebraic dcpos. For the first theorem, we define
(relative to a progranP over the coherent domaiP) an element € D to be
safefor a compact saturated sgf if it is both in M and is a model ofP. An
extensionV of M is safe if it has at least one safe element as a member.

THEOREM 6.11 (Dichotomy Theorem). Fix a default program. If there
exists an elementwhich is safe forl/, then there will be a unique safe semantic
extensionN of M. If M does not contain a safe element, then the (multiple)
extensions ol will all be of the form1g, for certaing € M.

THEOREM 6.12 (Extension Splitting Theorem). Fix a default program. Con-
sider two nonempty compact saturated setsand M,. Then any semantic ex-
tensionN of M; U M, can be written as a unio®v = N; U N,, whereN; and
N, are either empty or extensions &f; and Ms, respectively.

Itis not hard to extend the proofs of these theorems given in [RZ97] to coherent
algebraic dcpos. One needs only the Interpolation Theorem (Theorem 5.2) and
some general results about extensions in a Scott domain.

Theorems 6.11 and 6.12 provide a syntactic version of the result that the problem
of deciding non-monotonic consequences of a standard forgmutaKleene’s
three-valued logic is a problem complete for co-NP(3), the third level of the
Boolean hierarchy (see [ZR97a]). Using the Extension Splitting Theorem, we can
obtain the principle ofeasoning by casesf X is a non-monotonic consequence
of Y and also ofZ then it is a consequence bfU Z. (This law fails for standard
default logic — see Example 6.3.)

We close the section by applying Theorem 6.11 to relate monotonic and non-
monotonic inference.

THEOREM 6.13. Let P be a consistent logic program. Then the §eT p of
logical consequences @t is the unique extension of the (logical closure of) the
theory{{L}} with respect taP, considered now as a set of default rules.

Proof. If P has a model, then the sé& =1{L} is safe; so by the Di-
chotomy Theorem it will have a unique (semantic) extension. By duality, the
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theory{{_L}} will have a unique syntactic extension, sBy Using the definition

of the syntactic extension operator, we see that any application of the unary rule
will automatically be consistent witlly, so applying this rule will b the same

as applying the ordinary rul€p. But applyingUp repeatedly to{{_L}}, inter-
leaved with clausal inference steps, generates exactly the cladségin= P. |

7. CONCLUSION

Although we have proposed a general framework for logic programming, it
remains to be seen whether or not significant progress can be made towards
implementable logic programming languages based on the framework. We are
currently working towards at least a first-order instantiation of our system. A first
step has been made to build the clausal logic approach in the concrete setting of
information systems [ZR99]. Whether or not this can be extended to higher order
logics is debatable — one needs to marry an explicit syntax for higher-order logic
to the abstract model theory. Partial logic, however, may be one key to progress
— higher-order logic has traditionally not been partial. Our work suggests that
clausalpartial logic may be a way to proceed. Further evidence for this can be
found in the recent work of Coquand and Zhang which shows that clausal logic
and the clausal resolution rule arise naturally in the spectral theory of coherent
locales [CZ00]. One may also wish to work within the collection of Scott domains.
There the least upper bound operation in the underlying domain corresponds to
unification. Finally, it would be desirable to integrate a theory of types into our
framework.

Our version of default reasoning has been shown in [ZR97a] to have better com-
plexity properties than does standard default logic, for the propositional calculus.
We have implemented this system in [KRZ98]. The results show that default
inference in our system is very close to standard propositional inference, when
one considers random instances. It also competes well with inference engines
based on more standard approaches, for specific benchmark problems. However,
the overall utility of our approach still needs to be compared with the method
of stable model$BG94]. There are also reasonably large-scale applications of
non-monotonic methods in the business domain [Mor98] and in natural language
semantics [LBAC96]; it remains to be seen whether or not a stable model theory
for general domains would provide a competitive framework for these application
areas.
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